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^ • Abstract 

" I We study parameterized linear differential equations with coefficients depending mero- 

^«0 I morphically upon the parameters. As a main result, analogously to the unparameterized 

density theorem of Ramis, we show that the parameterized monodromy, the parame- 

■<^ . terized exponential torus and the parameterized Stokes operators are topological gen- 

^^ I erators in Kolchin topology, for the parameterized differential Galois group introduced 

r£ • in |CS| . We prove an analogous result for the global parameterized differential Galois 

group, which generalizes a result in |MS11] . In [MSll] the authors give also a necessary 

condition on a group for being a global parameterized differential Galois group: as a 

corollary of the density theorem, we prove that their condition is also sufficient. As an 

application, we give a characterization of completely integrable equations, and we give 

^ I a partial answer to a question of Sibuya about the transcendence properties of a given 

^J ' Stokes matrix. Moreover, using a parameterized Turrittin's theorem, we show that the 

Galois group descents to a smaller field, whose field of constants is not differentially 
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O ■ Introduction 



Let us consider a linear differential system of the form 

dxY{X)=A{X)Y{X), 

^ . where dx = -^, and A{X) is an ?n, x m matrix whose entries are germs of meromorphic functions 

in a neighborhood of a point, say to fix ideas. The differential Galois group, which measures the 
algebraic dependencies among the solutions, can be viewed as an algebraic subgroup of GLm(C) 
via the injective group morphism 



X 



pu : Gal — y GL^ 

a ^ U{X)-^a{U{X)), 

where U{X) is some fundamental solution (i.e: an invertible matrix solution). 

Let U{X) be a fundamental solution of dxY{X) = A(X)Y{X). The linear differential equa- 
tion is said to be regular singular at if there exists an invertible matrix P{X) whose entries 
are germs of meromorphic functions, such that Z(X) = P(X)U{X) satisfies 

dxZ{X) = ^Z{X), 

where Aq is a matrix with complex entries. In this case, Z{X) involves multivalued functions. 
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Analytic continuation of Z{X) along any path 7 sufficiently close to and centered at yields 
another fundamental solution Z{X)M^, and the matrix M^ with complex entries, which is a 
monodromy matrix, does not depend on the choice of 7. The Schlesinger theorem says that the 
Zariski closure of the group generated by the monodromy matrix is the Galois group. In the 
general case (i.e: in presence of irregular singularities), the monodromy is no longer sufficient to 
provide a complete collection of topological generators. Ramis has shown that the monodromy, 
the exponential torus and the Stokes operators are topological generators for the Galois group 
in the Zariski topology. 

More recently, a Galois theory for parameterized linear differential equations of the form 

dxY{X,t) = A{X,t)Y{X,t), 

where t = (ii, . . . , t„) are parameters, has been developed in |CSj . See also |HS| |L]. Namely, the 
Galois group, which measures the {dt^ , • • • , 94„)-differential and algebraic dependencies among the 
solutions, can be seen as a differential group in the sense of Kolchin, that is a group of matrices 
whose entries lie in a differential field and satisfy a set of polynomial differential equations in 
the variables ii, . . . ,i„. To be applied, the theory from jGSj requires the field of constants with 
respect to dx to be of characteristic and differentially closed (see ^2.ip . The drawback of this 
latter assumption is that a differentially closed field is a very big field, and cannot be interpreted 
as a field of functions. The main result of this paper is a parameterized analogue of the density 
theorem of Ramis: we give topological generators for the Galois group, for the Kolchin topology 
(in which closed sets are zero sets of differential algebraic polynomials). 

There is a link between the parameterized differential Galois theory and isomonodromy for 
equations with only regular singular poles (see |CS1IMSIIMS11] ). Let V{t,r) be an open polydisc 
in C", let "D be an open subset of C, and let A(X,t) be a matrix whose entries are analytic on 
V X V{t,r). We consider open disks Dj that cover D, and a solution Uj{X,t) of dxY{X,t) = 
A{X, t)Y{X, t) analytic on DjxV^t, r). liDiDDj / 0, we define Cij{t) = Ui{X, t)-'^Uj{X, t), the 
connection matrices. The parameterized linear differential equation dxY{X,t) = A(X,t)Y{X,t) 
is said to be isomonodromic if, there is a choice of Di covering D, and of the solutions Ui{X,t) 
of dxY(X,t) = A(X,t)Y{X,t) analytic on Di x 'D{t,r)^ such that the connection matrices are 
independent of t. In this case, the matrix of the monodromy is constant on the polydisc 2?(i, r). 
In the regular singular case, the following statements are equivalent (see [GSj . Propositions 5.3 
and 5.4). 

— The Galois group is conjugate, over a differentially closed field (see Definition 12. 2|) . to a 
group of constant matrices. 

— The parameterized linear differential equation is isomonodromic. 

— The parameterized linear differential equation is completely integrable (see Definition 13. 1|) . 

In |G0] , the authors study completely integrable parameterized linear differential equations using 
differential Tannakian categories. In particular, they prove that the notion of integrability with 
respect to all the parameters is equivalent to the notion of integrability with respect to each pa- 
rameter separately, which generalizes fD^ , Proposition 9. Furthermore, they improve Proposition 
3.9 in [CSj by avoiding the assumption that the field of constants is differentially closed. 

As an application of our main result, the parameterized density theorem, we improve Propo- 
sition 3.9 in [CS| (see Remark 1 3. 5 1) : the parameterized linear differential equation is completely 
integrable if and only if the topological generators for the Galois group given in the parameter- 



A DENSITY THEOREM IN PARAMETERIZED DIFFERENTIAL GaLOIS THEORY. 

ized density theorem are conjugate to constant matrices over a field of meromorphic functions. 
Notice that this latter is not differentially closed. 

The article is organized as follows. In the first section we study parameterized linear differential 
systems from an analytic point of view. The parameters will vary in U, a non-empty polydisc of 
C". Let t = (ti, . . . ,tn) G U denote the multiparameter. Let Mjj be the field of meromorphic 
functions on U and let Ku = Aiij[[X]][X~^] . The Hukuhara-Turrittin's theorem in this case 
gives the following result: 

Proposition ( see Proposition [TTT] below). LetdxY{X,t) = A{X , t)Y {X , t) , withA{X,t) G 
M.m{Kjj) (that is amxm matrix with entries in Ku). Then, there exists a polydisc ^ U' C U , 
z^ € N*, such that we have a fundamental solution F{X,t) of the form: 

F{X,t) = i?(X,t)X^We^(^'*\ 

where: 

- H{X,t)eGLm{Ku'[X^/'']). 

- L{t) eM„(7Wc/')- 

- e'^^^'*) = Diag(e9«(^'*)), with q^{X,t) £ X-'^l'' Mu\X-'^l''\. 

- Moreover, we have X^We'3(^'*) = (>Q{x,t)^L{t) _ 

Combined with a result of Schaefke (see Remark 1 1.3p . we have a sufficient condition on to G t^j 
to have a fundamental solution in the same form as above with t^ G U' . 

In ^1.3| we briefly review the Stokes phenomenon in the unparameterized case. We have 
solutions, which are analytic in some sector and Gevrey asymptotic to the formal part of the 
solution in the Hukuhara-Turrittin's canonical form. The fact that various asymptotic solutions 
do not glue to a single solution on the Riemann surface of the logarithm is called the Stokes 
phenomenon. 

Let / [/ be a polydisc of C" and let /(X,t) = ^fi{t)X' G Ku. We say that f{X,t) G 

Ou if for all t G [/, X H-^ 2_, /«(^)^* is a germ of meromorphic function. Notice that if 

f{X,t) eOu C Mu[[X]][X''^] = Ku, then the X-coefficients of f{X,t) are analytic on U. 

In ^1.41 we study the Stokes phenomenon of equations of the form dxY{X, t) = A{X, t)Y{X, t), 
with A{X,t) G Mm{Ou)- In particular, we prove that the asymptotic solutions depend analyti- 
cally upon the parameters. 

In the second section, we use the parameterized Hukuhara-Turrittin's theorem to deduce some 
Galois theoretic properties of the systems. We first recall some facts from |CS] about parame- 
terized differential Galois theory. The problem is that the theory in |CS| cannot be applied here, 
since Mu, our field of constants with respect to dx, is a field of functions that are meromorphic 
in ti, ... ,tn, and this field is not differentially closed (see ^2.ip . In the papers [GGOl |Wj, the au- 
thors prove the existence of parameterized Picard-Vessiot extensions under weaker assumptions 
than in |CS] . We do not use these latter results because we need a parameterized Turrittin's 
theorem, which proves directly the descent here, in order to study the parameterized Stokes phe- 
nomenon. In g231 we consider dxY{X,t) = A{X , t)Y {X , t) , with A{X,t) G Mm{Ou). We state 
and show the main result: 
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Parameterized analogue of the density theorem of Ramis (Theorem I2.17p . The 

group generated by the parameterized monodromy, the parameterized exponential torus and the 
parameterized Stokes operators is dense in the parameterized Galois group for the Kolchin topol- 
ogy. 

Then, we turn to the global case. We consider equations with coefficients in M.u{X) and study 
their global Galois group. We prove a density theorem in this global setting, see Theorem 12.211 
The proof in the unparameterized case can be found in [M . In ^2.6| we give various examples of 
computation. 

In the third section, we give three applications. First, we prove a criterion for the integrability 
of differential systems (see Definition 13. ip : 

Proposition (see Proposition [3T3] below). Let A{X,t) € yirn{M.u{X)). The linear differ- 
ential equation dxY[X,t) = A[X,t)Y[X,t) is completely integrable if and only if there exists a 
fundamental solution such that the matrices of the parameterized monodromy, the parameterized 
exponential torus and the parameterized Stokes operators for all the singularities are constant. 

As a second application, we give a partial answer to a question of Sibuya (see [Si]), regarding 
the differential transcendence properties of a Stokes matrix of the parameterized linear differential 
equation: 

(dxY{X,t)\ ^( l\( Y{X,t) \ 
[dj,Y{X,t)) [x^ + t 0)[dxYiX,t))- 

Sibuya was asking whether an entry of a given Stokes matrix at infinity is 9i-differentially tran- 
scendental (i.e: satisfies no differential polynomial equation). We prove that it is at least not 
5i-finite (i.e: that it satisfies no linear differential equations). 

As a last application, we deal with the inverse problem. We prove that if G is the global 
parameterized differential Galois group of some equation having coefficients in k{X) (see N3.3p . 
then G contains a finitely generated Kolchin dense subgroup. The converse of this latter assertion 
has been proved in Corollary 5.2 in |MS11] . and we obtain a result on the inverse problem: 

Theorem (see Theorem 13.121 below). G is the global parameterized differential Galois 
group of some equation having coefficients in k(X) if and only if G contains a finitely generated 
Kolchin-dense subgroup. 

In the appendix, we prove the following result. 

Theorem (see Theorem [Ayi] below). Let dxY{X,t) = A{X,t)Y{X,t), with A{X,t) £ 
Mm(I{ij). Then, there exists a polydisc ^ U' C U , such that we have a fundamental solution 
F{X,t) of the form: 

F{X,t) = P(X,t)X^We^(^'*), 

where: 

- P{X,t)eGLm{Ku'). 

- C{t)eMm{Mw). 

_ ^Q(x,t) ^ Diag(e'''(^'*)), with q^{X,t) £ X-^l"" Mu'iX-^l"], for some v G N*. 
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This theorem is not necessary for the proof of the main result of the paper, this is the reason 
why we give the proof in the appendix. Notice that contrary to Proposition II. 1[ the entries of the 
formal part are not ramified. On the other hand, X^'^^> and e^^^'^' do not commute anymore. 
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1. Local analytic linear differential system depending upon parameters. 

In ^1.1| we define the field to which the entries of the fundamental solution, in the Hukuhara- 
Turrittin's canonical form, will belong. In ^1.2| we prove a parameterized version of the Hukuhara- 
Turrittin's theorem. In ^1.31 we briefly review the Stokes phenomenon in the unparameterized 
case. In ^1.4[ we study the Stokes phenomenon in the parameterized case. 

1.1 Definition of the fields. 

Let us consider a linear differential system of the form dxYi^) = ■^{^)Y{X), where A{X) is a 
mx m matrix whose entries belongs to C[[X]][X~-^]. We know we can find a formal fundamental 
solution in the Hukuhara-Turrittin's canonical form H{X)X^e'^^^' (see Theorem 3.1 in |VdPS] ). 
where: 

- H{X) is a matrix of formal power series in X^''^ for some z^ S N*. 

- L G M„(C). 

- Q{X) = Diagfe(X)), with q,{X) G X-V-C[X-V-]. 

- Moreover, we have X^e'^^^^ = e^^^^X^. 

Let 7^ [/ be a polydisc of C" and let Kfj defined in page [3l We want to construct a field 
containing a fundamental set of solutions of 

dxY{X,t) = A{X,t)Y{X,t), 

with A{X, t) G M^{ku). Let At = {dt„..., dtj and let 

Bu= [j X^MuiX"^]. 



uei 



We define formally the (9xj A()-ring 



Ku 
with the following rules: 



'°'5'G'^''"i,«.>,„'(^(''('^'"».<- 



a{t)&Mu '^-^^''^--'•''"«^:<)eEc/ 
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(i) The symbols log, (X"-^^>j and {e{q{X,t))) ,j^^^^^ only satisfy the following rela- 

tions: 

Xa{t)+Kt) = X-WX^*), e{qi{X,t)+q2iX,t)) = e{qi{X,t))e{q2{X,t)), 

X" = X"" e Ku for a e Z, e(0) = 1. 

(ii) The differentiation in the (9x, A()-ring is given by 

Ox log = X-\ dxX<'^ = ^X-('\ dxe{q{X,t)) = dx{q{X,t))e{q{X,t)), 

dtAog = 0, ^t^X'^W = 5i, (a(t)) log X»W, 5i,e(g(X,t)) = dtMX,t))e{q{X,t)). 

The intuitive interpretation of these symbols are log = log(X), X""^^' = e""^*' i°g(-'^) and e{q{X, t)) = 
e^C^.t), Ijqi f{X,t) be one these latter functions. Then f{X,t) has a natural interpretation as an 
analytic function on C x [/, where C is the Riemann surface of the logarithm. We will use the 
analytic function instead of the symbol when we will consider asymptotic solutions (see §1.3l and 
^1.4p . For the time being, however, we see them only as symbols. 
We can see (Proposition 3.22 in |VdPSj ) that the (Sx, At)-ring 

i^^[log,(x"W)^^^^^^^,(e(g(X,t))),(^,),Ej 
is contained in an integral domain. Therefore, we may consider the (5x, At)-fields: 

Kf.u = k,j flog, {x'm 



' a{t)eMu 

and 



K^ = i^Jlog,(x'^W) (e(,(X,t)))^(,,),,^ 



In the definition of the fields Kp^jj and Kp^jj, the subscript F stands for Fuchsian. We have 
defined (Sx, At)-fields where all the derivations commute with each other. We have the following 
inclusions of (9x) Ai)-fields: 

Kp,u 
Mu ^ Ku ^ kp^u -^ Ki7. 

1.2 Hukuhara-Turrittin's theorem in the parameterized case. 

The goal of this subsection is to give the parameterized version of the Hukuhara-Turrittin's 
theorem. We prove a slightly stronger result, which is not needed in the paper in the appendix, 
see Theorem lA.il 

Proposition 1.1. Let ^ U be a polydisc of C" and consider 

dxY{X,t) = A{X,t)Y{X,t), 

with A{X, t) G M.m{Ku). There exists a polydisc ^ U' <ZU , such that we have a fundamental 
solution F(X,t) G GLm(K[//) of the form 

F{X,t) = H{X,t)X^^'^e{QiX,t)), 

where: 
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- H{X,t) € GLmiKu'iX^/"]), for some uGN. 

- L{t) e Mra{Mu') and X^W G Gl^rn{KF,u') satisfy 

- e{Q{X,t)) = Biag{e{qi{X,t))), with qi{X,t) G Eu'. 

- Moreover, we Laye e(Q(X, t))X^W = X^We(Q(X, t)). 

Furtherinore, if A{X,t) G M.m{Ou), there exists a polydisc 7^ C/" C U' , such that the entries 
of the X -coefficients of H{X,t) are all analytic on U" . 

Example 1.2 ( |Sch| . Introduction). If we consider 

X'dxY{X,t) = (*^ ^^Y{X,t), 
we get the solution 

for t 7^ and the solution 











for t = 0. The latter is not the specialization of ([T]) at t = 0. The problem is that the level 
of the unparameterized system (see ^1.31 for the definition) at t = is 1 and the level of the 
unparameterized system for i 7^ is g- This example shows that we cannot get a solution in the 
parameterized Hukuhara-Turrittin's form, that remains valid for all values of the parameter t. 
This is the reason why we have to remove a subset of the parameter-space. 

Remark 1.3. Similar results to Proposition 11.11 have been proved in Theorem 10.1 of |BV] and 
Theorem 4.2 of |Sch] . For all i, let Ht{X)X^^e{Q{X,t)) be a solution given in the classical 
Hukuhara-Turrittin's canonical form. In order to make precise the dependence on t, the author 
of ^Sch_ makes three additional assumptions; namely, that there exists U C C" an open connected 
subset such that: 

— The qi{X,t) are analytic functions in t G f7. 

— The degree in X^^ of qi{X, t) — qj{X, t) is independent of t in U. 

— For ah t G U, qj{X, t) / qi{X, t), if i / j. 

Under these assumptions, Schaefke concludes that, for all to ^ U, there exists an open neighbor- 
hood 7^ [/' C [/ of to in the t-plane, such that there exists a solution H{X, t)X^^*^e{Q{X, t)) G 
GLm(K[//) with the same properties as in Proposition ll.il Notice that Schaefke gives a compu- 
tationable necessary and sufficient condition for well behaved exponential part, see Theorem 5.2 
in [Sch| . 

Remark 1.4. Algebraic functions over A4u can be seen as elements of A^[/', for some non-empty 
U' C U . Therefore, a finite extension of Aijj can be embedded in Mu' for ^ convenient choice 
of U' C U . We will use this fact in the rest of the paper. 

Before proving Proposition II. H we prove the lemma: 
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Lemma 1.5. Let ^ U be a polydisc of C" and let L{t) G Mm{Mu)- There exists a polydisc 
0^U' CU, and X^(*) G GLmiKp^u') satisfying 



Proof. Consider L{t) as a matrix with entries in Aijj^ the algebraic closure of A4u. There exists 
a polydisc ^ U' G U, such that the size of the Jordan block of L(t) does not depend on t on U' 
and such that the eigenvalues of L{t) belongs to Mu'- Let L{t) = P{t){D{t) + N{t))p-'^{t), with 
D{t) = Diag(di(i)), di{t) G Mu, N{t) nilpotent, D{t)N{t) = N{t)D{t) and P{t) G Mm{Mu') be 
the Jordan decomposition of L(t). 

Then, the matrix X^(*) = P(i)Diag(X'^'(*))e^(*)i°sp-i(t) belongs to GLmiKp^u') and X^W 
satisfies 

D 

Proof of Proposition [TTil The Turrittin's theorem (see Theorem 3.1 in |VdPS| ) is valid for any 
linear differential system with entries in K = C[[X]][X~^], where C is any algebraically closed 
fields of characteristic such that C is the field of constants of K with respect to dx (i-e: 
C = {aG K\dx{a) = 0}) and dxX = 1. 

Let us consider L(t) G Mm(M^) and Q{X,t) ='D[ag{qi{X,t)), with qi{X,t) G X-^/^M^iX-^/"] 
for some i^ G N. Because of Remark II. 4| there exists a polydisc ^ U' CZ U, such that 
L{t) G Mm{Mu') and qi{X,t) G Ej//. Hence, there exists a polydisc ^ U' C U such that 
the Turrittin's theorem gives the fundamental solution 

F{X,t) = ^(X,t)X^We(Q(X,t)), 

where: 

- H{X,t) G GLm(M^[[X'^/'']][X-'^/'']), for some z^ G N. 

- L{t) G MmiMu') and X^W G GL„(Ki;^^,7/) satisfy 

- e(Q(X,t)) = Diag(e(gi(X,t))), with gi(X,t) G B^. 

- Moreover, we have e(Q(X, t))X^(*) = X^(*)e(Q(X, t)). 

Let us prove now that H{X,t) G GLm{Ku/[X^^'^]). The matrix 

F(X,t) = H{X,t)X^^'^e{Q{X,t)) 

satisfies the parameterized linear differential equation 

dxF{X,t)=A{X,t)F{X,t), 

and the matrix X^^^^e{Q{X,t)) satisfies parameterized linear differential equation: 

dxX'^^'^eiQiX, t)) = {L{t) + dxe{Q{X, t))) X^We(Q(X, t)) = X^We(Q(X, t)) {L{t) + dxe{Q{X, t))) 

Hence, 

dxH{X, t) = A{X, t)H{X, t) - H{X, t) (L(t) + dxe{Q{X, t))) . 
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We write H{X,t) as a column vector H{X,t) of size m^. Let C{X,t) G M^2{Ku,[X'^/'']), with 
z^ E N*, such that H{X,t) satisfies the parameterized hnear difi'erential system: 

dxH{X,t) = C{X,t)H{X,t). 

Let us write H{X,t) = ^ Hi{t)X'/'' and C(X, i) = ^ Ci(t)X^/'', where M, iV G N. Then, by 

identifying the coefficients of the X^/'^-terms of the power series in the equation dxH{X, t) = 
C{X,t)H{X,t), we find that: 

i-AI 

((i + l)Id-C_i(t))i/i+i(t)= Y. C,^iit)Hi{t). 

The fact that H{X,t) G GLmiKwiX^^"]) is now clear. 

Assume now that A{X,t) G M.,n{Ou)- Let ^ U" C U' such that for 7^ X fixed, the 
entries of the X-coefficients of L{t) + dxe{Q{X,t)) are analytic on U" . Then, the entries of the 
X-coefficients of C{X, t) are all analytic on U". Hence, the entries of the X-coefficients of H(X, t) 
are all analytic on U". D 

Remark 1.6. If we take a smaller polydisc ^ U, we may assume assume that if we consider 
dxY{X,t) = A{X,t)Y{X,t)^[th A{X,t) G Mm{Ou), then the fundamental solution of Propo- 
sition [TTT] belongs to GLm(K(7), and the entries of the X-coefficients of H(X,t) are all analytic 
on U. 



1.3 Review of the Stokes phenomenon in the unparameterized case. 

In this subsection we will briefiy review the Stokes phenomenon in the unparameterized case. See 
[M95l ILRMI ILRM [CRl [Sn9] or Chapter 8 of [VdRSj for more details. We will generafize some 
results concerning the summation of divergent series in the parameterized case in ^1.4[ First we 
treat the example of the Euler equation: 

x^^;^ y(x) + y(x) = X, 

which admits as a solution the formal series: /(X) = J2n>o{~^)^''^^--^"'^^ • Classical methods of 
differential equations give another solution: 

roo 1 



f{X) 



t 



-/^dt 



/O T Jq l + U 

where 1/t — 1/X = u/X. The solution /(X) is divergent and the solution /(X) can be extended 
to an analytic function on the sector: 

-Svr -l-Svr 



V 



X gC 



arg(X) G 



On this sector, /(X) is 1-Gevrey asymptotic to /(X): for every closed subsector W of V, there 
exists Aw G M, e > such that for all N and all X G P^ with |X| < e. 



/(X)-^(-irn!X"+i 

n3:0 



\N+l 



^(^H^)^^+^(X + 1)!|X 



N+l 



We can also consider /(e X), which is an asymptotic solution on the sector: 



v 



XgC 



arg(X) G 



2'T 
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The two asymptotic solutions do not glue to a single asymptotic solution on y U V. In fact, the 
residue theorem implies that the difference in y n y' of the two asymptotic solutions is: 

The fact that various asymptotic solutions do not glue to a single analytic solution is called 
Stokes phenomenon. 

More generally, let us consider a linear differential equation dxY{X) = A{X)Y{X), such 
that the entries of A{X) are germs of meromorphic functions in a neighborhood of 0. Let 
H{X)X e{Q{X)), with Q{X) = Diag(gj(X)), be a fundamental solution in Hukuhara-Turrittin's 
canonical form. Since for all k £ N, H{X)X^e{Q{X)) = F(X)Diag(X^)X^-™e(Q(X)), we 
may assume that H{X) has no pole at X = 0. The levels of dxYiX) = A{X)Y{X) are 
the degrees in X^"^ of the qi{X) — qj{X) (the levels are positive rational numbers). Consider 
q{X) = QkX-''/'' + ■■■ + qiX-^l" G X-^/^ClX-^l"] with z/ G N. The real number d is called sin- 
gular for q{X) if qi.e~'^'^^'^ is a positive real number. This correspond to the arguments d such that 
r I— 7- e'^^^^^ ' increases fastest as r tends to 0+. The singular directions of dxYiX) = A{X)Y{X) 
(we will write singular directions when no confusion is likely to arise) are the real number that 
are singular for one of the qi{X) — qj{X), with i ^ j. Notice that the set of singular directions 
is finite modulo 27ri/ for some j^ G N. Let ki < ■ ■ ■ < kr he the levels of the linear differential 
equation. There exists a decomposition H{X) = Hk-^{X) + • • • + Hk^(X), such that for d not a 
singular direction, there exists an unique r-tuple of matrices {H^ (^); • • • ) H^ (X)), such that 
H^, (X) is analytic on the sector 



Vd 



X £C 



arg(X) G 



vr , vr 
d 77'^+ ~r 



and is fcj-Gevrey asymptotic to iffc-(X) = J2neN ^n,kiX"' on V^: for every closed subsector W of 
Vd, there exists Aw G M, e > such that for all A^ and all X £ W with IXI < e. 



N-l 



Hkii^) - Yl Hn,k,X"'' 



n>0 



^{A 



w 



\N 






\x 



N 



where T denotes the Gamma function. Until the end of the paper, we will denote a fixed deter 
mination of the complex logarithm by log(X). Furthermore, the matrix 



(2) 



which is analytic on the sector j X G C arg(X) G d — j^,d + ^ > , is a solution of dxY{X) 
A{X)Y{X). As a matter of fact, H^ (X) is /cj-Gevrey asymptotic to Hk{X) on the larger sector 

{ " ■ " 



X e 



arg(X)G di-^,di+i + ^ 



>, where di,di^i are two singulars directions and such 
that ]di,di^i[ contains no singular directions. Therefore, we can construct an analytic solution 
on the sector: 



Xg 



arg(X) G 



'"2F' '+^ + 2F 



Let d eM., and let: 






such that there are no singular directions in [d , d[U]rf) d~^] • We get two matrices H'^ {X)e^ ^og{X)^Q{X) 
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and H'^ (^X)e^'^°^^^''e^^^' which are germs of analytic solutions on the sectors 



X G 



arg(X) G 






and <^ X G 



arg(X) G 



^ ,+ ^ 
'^-2^^'^" + ^ 



The two matrices are in particular germs of solutions of dxY{X) = A{X)Y{X) on the sector 



XgC 



arg(X) G 



vr , vr 



A computation shows that there exists a matrix Std G GLm(C), which we call the Stokes matrix 
in the direction d, such that: 

Proposition 1.7. The following statements are equivalents. 

(i) The entries of H{X) converges. 
(ii) Std = Id for alldGR. 
(iii) Std = Id for all singular directions. 

We can compute the asymptotic solutions using the Laplace and the Borel transformations. 
See Chapters 2 and 3 of [B^ for more details. 

Definition 1.8. (1) Let A; G Q. The formal Borel transform B^ is the map that transforms the 
formal power series J2 o-nX^ into the formal power series: 

(2) Let d G M, fc G Q, e > and let / analytic on the sector ix G C| arg(X) G]d - e,d + e\\. 
We assume that there exists A,B > Q such that for arg(X) = d, 

|/(X)Kyle^l^l\ 

Then, the following integral is the germ of an analytic function on -^ X G C| arg(X) ^\d — ^,d + -^[v 
(see |B], page 13 for a proof), and is called the Laplace transform of order k in the direction d of 
/: 

f{u)e'^x) d 



^kADix) 



For a proof of the following proposition, see Section 7.2 of [B] . 

Proposition 1.9. Let ki < ■ ■ ■ < K he the levels ofdxY{X) = A{X)Y{X) and set kr+i = +oo. 
Suppose that (i G M is not a singular direction, and let h{X) he an entry ofH{X). Let (ki, . . . , k^) 
defined as: 

The series B^r o • ■ ■ o Bi^-^{h) converges and there exist ei, Ai,Bi > such that it has an analytic 
continuation hi on the sector <XgC\ arg(Ar) G]d — ei,d + ei[>, and in this sector, 

\hi{X)\ ^^le^il^l"'. 
Moreover, for j = 2 (resp. j = 3, . . . ,j = r), there exist ej,Aj,Bj > such that the function 
/ij+i = Ci^.^hj) is analytic on the sector <X^C\ arg(X) G](i — ej,d + ej[> and on this sector 
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Therefore, we may apply C^^^d o • • • o C^-^^d o B^^ o • • • o B^-^ to every entries of H[X). We have 
the foUowing equaUty: 

H\x) = /:,,,,d o . . . o c^^^d o 4. o . . . o 4^ [H). 

1.4 Stokes phenomenon in the parameterized case. 

Let dxY{X, t) = A{X, t)Y{X, t), with A{X, t) € Mm{Ou) (see pageED, where ^Uisa polydisc 
of C", and consider F{X,t) = H{X,t)X^^^^e{Q{X,t)) the fundamental solution of Proposition 
irn Since for all ken, F{X,t) = ^(X, t)Diag(X'=)X^W-™e(Q(X, t)), we may assume that 
H{X, t) has no pole at X = 0. We want to extend the definition of the singular directions to 
the parameterized case. Consider q{X,t) = qk{t)X^^''^ + • • • + qi{t)X^^'^ € E[/. A continuous 
function d : [/ ^ M is called singular for q{X, t) if 

In general, if d{t) is a singular direction for q{X, t), the positive number q]^{t)e~^'^^^'^'^ depends on 
t. The singular directions of dxy{X,t) = A{X,t)Y{X,t) (we will write singular directions when 
no confusion is likely to arise) are the directions that are singular for one of the qi {X, t) — qj {X, t) , 
with i ^ j. Unfortunately, two different singular directions may be equal on a subset of U. For 
example, for n = 1, U = C*, and A(X, t) = Diag(X~^, fX~^, —tX~'^) we find three exponentials: 
e~^' , e*' and e~*' . For t G M^*^, the singular directions of {2t)X~^ are the same as singular 
directions of (t + 1)X~^. Let (dj(t))jgN be the singular directions, and 

V = [teU |3j, j' G N, 3to G U, such that dj{t) = dj>{t) and dj(to) / 'ij'(io)} • 

Lemma 1.10. V is a closed subset ofU with empty interior. 

Proof. Assume that there exists a polydisc ^ D dV, and two singular directions dj{t),dji{t), 
such that dj{t) = dji{t) on D. Then, there exists a polydisc ^ D' C D, q{t),q'{t) G Md' that 
do not vanish on D' , such that q{t)/q'{t) has constant argument on D' . An analytic function with 
constant argument on a polydisc is constant. Hence, we deduce that dj{t) = djj{t) on a polydisc, 
which implies that dj{t) = dji{t) on U . Since the set of singular directions is finite modulo 27rz^ 
with zv G N*, V has empty interior. D 

If we take a smaller polydisc ^ C/, we may assume that T> = 0. 

From no^v, ^ve will make the assumption that T> = 0. 

We still consider dxY{X,t) = A{X,t)Y{X,t) a parameterized linear differential system with 
A{X,t) G Mm{Ou) and H{X,t)X^^*'^e{Q{X,t)) G GL„ (k^) the fundamental solution in the 
same form as in Proposition 11.11 Let d{t) be a singular direction, and let ki < ■ ■ ■ < ky be the 
levels of dxY[X,t) = A[X,t)Y[X,t). For t belonging to U, we define the parameterized Stokes 
matrix Std{t) (we will write Stokes matrix when no confusion is likely to arise) as t ^ St^^t), 
where St^^t) is the Stokes matrix of the specialized system. 

Proposition 1.11. Let d{t) continuous in t, such that for all to in U, (i(to) Is not a singular direc- 
tion of the unparameterized linear differential equation dxY{X,tQ) = A{X,tQ)Y{X,tQ). We de- 
finet ^ i/'^(*)(X,t)e'^(*)'°§(^)e'3(^'*^ as the solution (0), of the specialized system. Let di{t),d2{t) 
be two singulars directions such that for all t £ U, di{t) < d{t) < d2{t) and ]di{t), d2{t)[ contains 
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no singular directions. Then, there exists a map U -^ M-^^, t i— >■ e(t), which is not necessary 
continuous, such that H'^'^^\X,t)e^^^^^°^^^^e^^^'*^ is meromorphic in {X,t) for 



{x,t)e\xe 



arg(X) G 



di(t)-^,ci2(t) + ^ 



, andO < \X\ < e(t) } x U. 



Proof. We have seen in Hl.'Si that for t fixed, the asymptotic solution is a germ of meromorphic 
function on the sector 



X £ 



arg(X) G 






Since the singular directions are continuous in t, we may assume that d(t) is locally constant. 
Since for X ^ 0, t ^-^ QL{t)\og(X)^Q(X,t} ^ 7\4[7, this is now a consequence of Proposition 11.91 and 
Lemma 11.121 below. D 

Lemma 1.12. We keep the same notations as in Definition 11.81 and Proposition \l.y[ Let h{X,t) 
he one of the entries of H{X,t). Let ^ V d U he a polydisc, and let d £ M such that for 
all t €V, d is not an unparameterized singular direction ofdxY{X,t) = A{X , t)Y {X , t) . Then, 
there exists a map U — > M^'', 1 1-^ s{t), which is not necessary continuous, such that 



is meromorphic in {X, t) on 



'~'Kr,a 



arg(X) e 



Cf^^^doB^^ o ■■■oBf,^{h) 



vr , vr 



, andO< \X\ < e{t) ^ x V. 
o--- oC^^^aoB,^^ o ••• oB,^,{h)) . 



Moreover, for all j ^ n: 

C-nr,d o • • • o C^^^^d oB^^o---o B^^idtM) = dt^ [C-t^,., 
Proof. We will proceed in two steps. 

(1) We recall that h{X,t) G Ku[X^'^] and (see Remark II. 6 p all the X-coefficients are analytics 
on U . Because of Proposition [121 for t fixed, ij^^ o • • • o^^^ (/i), is a germ of meromorphic function. 
Therefore, it belongs to Ou[X'^i'^]. Let hi be the analytic continuation defined in Proposition 
11.91 In particular, for all X G C with arg(X) = d, t >—^ hi{X,t) € My- The fact that we have 
meromorphic function allow us to differentiate termwise and for all j ^ n, dt hi is equals to the 
analytic continuation of: 

-Bk, o ••• oB^,^{dt^h). 

(2) Let h2, . . . ,hr be the functions defined in Proposition 11.91 Let to S V, let Wtg be a compact 
neighborhood of tg in V, let i ^ r, and assume that for X € C with arg(X) = d, t >-^ hi{X, t) is 
meromorphic on Wt^,. It is sufficient to prove that for all X G C with arg(X) € d — j^, d+ -^ 
and \X\ sufficiently small, 1 1— >■ /ij+i(X, t) is meromorphic on Wt^ and for all j ^ n: 

Cf,^^d{dt^hi) = dt^ {Cf,^^d{hi)) = dtjhi+i. 

The function Ci^.^d {hi) is an integral of a meromorphic function depending analytically upon 
parameters, and we just have to prove that it is possible to find a function / such that, for all t G 
Wto, \hi{u,t)\ < |/(m)| andforarg(X) G d - ^^,d + ^^ , \X\ sufficiently small, Cf,^^d{\f\){X) < 
oo. From Proposition 11.91 we obtain the existence of A(t),B(t) > such that for arg(u) = d 
\hi{u,t)\ ^ j4(t)e^*^*^l"l'''. Since hi{u,t) is meromorphic, we may assume that A{t) and B{t) are 
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continuous on Wt^. The functions A(t) and B{t) admit a maximum A and B on the compact set 
WtQ. Finally for arg(X) E d — j^, d + -^ and \X\ sufficiently small, 



\'~'Ki,d'^i 



^-\,,.,,-,*,~..((|)- 



^ / Ae^\< 
'o 






.,,i 



< CXD. 



D 



2. Parameterized differential Galois theory 

In this section we are interested to the parameterized differential Galois theory: this is a general- 
ization of the differential Galois theory for parameterized linear differential equations. In N2.1| we 
review the parameterized differential Galois theory developed in [CSj • In H2.'2\ we prove that some 
of the results of ^2.1l stav valid without the assumption that the field of constants is differentially 
closed. This will help us in §[23] to prove that the local analytic parameterized differential Galois 
group descents to a smaller field, whose field of constants is not differentially closed. In ^2.4| 
we explain the main result of the paper: we will show an analogue of the density theorem of 
Ramis in the parameterized case. In ^2.51 we give a similar result for the global parameterized 
differential Galois group. We end by giving various examples of computation of parameterized 
differential Galois groups with the parameterized density theorem. 



2.1 Basic facts. 

We recall some facts from |CSj about Galois theory of parameterized linear differential equations. 
Classical Galois theory of unparameterized linear differential equation is presented in many books 
such as |VdPS] and [Maj . Let i^ be a differential field of characteristic with n + 1 commuting 
derivations: do, . . . ,dn- We want to study differential equations of the form OqY = AY, with 
A £ Mm{K). Let Ck be the field of constants with respect to Oq. Since all the derivations 
commute with do, {Ck, di, . . . , dn) is a differential field. 

Example 2.1. li K = Ku, then do = dx, {di, . . . , 5„} = At, and Ck = Mu- 

A parameterized Picard-Vessiot extension for the parameterized linear differential equation 
doY = AY on K \s a, {do, ■ ■ ■ , 9„)-differential field extension K\K with the following properties: 

— There exists a fundamental solution for doY = AY in K (i.e: an invertible matrix U = {ui,j), 
with entries in K, such that doU = AU). 

— K = K{ui,j)Qg^,,,^Qn (i.e: K is the {do, • • • , 9ra)-differential field generated by K and the Uij). 

— The field of constants of K with respect to do is Ck- 

Let L be a {di, . . . , 9„)-field of characteristic with commuting derivations. The {di, . . . , dn)- 
differential ring L{yi, . . . ,yk}di...d„ of differential polynomials in k variables over L is the usual 
polynomial ring in the infinite set of variables 

and with derivations extending those in {di, . . . , dn} on L, defined by: 

di{d^,\..d:-yj)=d^,\..d^^+\..d:-yj. 
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Definition 2.2 ( |CS] . Definition 3.2). We say that {Ck, di, . . . , dn) is differentially closed if it 
has the following property: For any fci, A;2 G N and for all Pi, ... , Pk^ G CkIvi, ■ ■ ■ , yk2}di,...,dni 
the system 

Pi{ai,...,ak2) = 

Pki-i{ai,... ,ak2) = 
Pki{oii,...,ak2) / 0, 
has a solution in Ck as soon as it has a solution in a (5i, . . . , 5„)-differential field containing Ck- 

For the simplicity of the notations, we will say that Ck differentially closed rather than 
{CK,di, . . . , dn) is differentially closed. Notice that there exists a differentially closed extension 
of Ck, see |CS) . Section 9.1. By definition, a differentially closed field is algebraically closed. 

Proposition 2.3 ([CSj, Theorem 9.5). Assume that Ck is differentially closed. Then, we have 
existence and uniqueness of the parameterized Picard-Vessiot extension for SqY = AY up to 
{do, . . . , dn) -differential isomorphism. 

Until the end of the subsection, we assume that Ck is differentially closed. 

The parameterized differential Galois group Calg^''"' " (K\K] is the group of field auto- 
morphisms of K which induce the identity on K and commute with all the derivations. In the 
unparameterized case, the differential Galois group is an algebraic subgroup of GLm(C_ft:). In the 
parameterized case, we find a linear differential algebraic subgroup: 

Definition 2.4. Let us consider m^ indeterminates {Xij)ij^ni- We say that a subgroup C of 
GLm(Ci^) is a linear differential algebraic group if there exist Pi, . . . , P^ G C'^{Xjj}g^ ,,, g^, such 
that for A = (aij) G GLm{CK), 

AeC^^ Piiaij) = ■■■ = Pkiaij) = 0. 
Let [/ be a fundamental solution of doY = AY. We have an injective group morphism: 

pu: Cafgl'-^" {k\k) -^ GLmiCK) 
V ^ U-^ifiU). 

A fundamental fact is that 

Im PU = {u-^^{U),ipe Cal%-^- {k\k)] 

is a linear differential algebraic subgroup of Ghrn{CK) (see Theorem 9.5 in [CSJ. If we take a 
different fundamental solution in K, we obtain a conjugate linear differential algebraic subgroup 
of GLm{CK)- We will identify Calg^''"' " (K\Kj with a linear differential algebraic subgroup of 
GLm{CK) for a chosen fundamental solution. We put a topology on GLm(Cx), called Kolchin 
topology, for which the closed sets are defined as the zero loci of finite sets of differential poly- 
nomials with coefficients in Ck- 

Example 2.5. (Example 3.1 in [CSj ) Let n = 1, let do = dx, di = dt and let us consider 
K = Ck{X) the (5x,5t)-difFerential field of rational functions in the indeterminate X, with 
coefficients in Ck, where X is a 5t-constant with dxX = 1, Ck is the field of constants with 
respect to dx, and dx commutes dt. Let us consider the parameterized differential equation 

dxY{X,t) = ^Y{X,t). 
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The fundamental solution is {X^) and the Parameterized Picard-Vessiot extension is -fC(X*,log) 
(see ^l.ll for the notations). Here, we have added log because we want the extension to be closed 
under the derivations dx and dt- Using the fact the Galois group commutes with dx and 9^, we 
find that the Galois group is given by: 

{/ e CkU + and MV - [dtff = 0} . 

We can see that if we take Ck = C(t) or Ck = M.<c (see pageEJ, which are not differentially 
closed, then we can find two different groups of differential automorphisms: 

{/ G C(t)|/ / and jdl! - {dtff = 0} = C* 

and 

{/ G Mc\f ^ and fd^f - {dtff = 0} = [ce'\ 6 G C, c G C*} , 

which shows the importance of considering a Galois group defined over a differentially closed 
field. See Example 12.231 for the computation of this example using the parameterized density 
theorem. 

We have a Galois correspondence theorem for parameterized differential Galois theory, see 
Theorem 9.5 in [CS]. For G subgroup of Galgl'-'^'' (k\k\ let: 

^^ = {a G K\a{a) = a, Va G g} . 

The Kolchin closed subgroups of Galg^'"' " (K\Kj are in bijection with the {do, . . . , 9„)-differential 
subfields of K containing K, via the map: 

G^K^. 
The inverse map is given by: 

M ^ Galgl'-'^" (k\M^ , 

where Galg''"' " {K\M\ denotes the set of elements of Galg''"' " {K\K\ inducing identity on 
M. In particular, we have the following corollary: 

Corollary 2.6. Let G he a subgroup of Galgl'-'^" (kIk). Then, K^ = K Hand only if G is 



dense for Kolchin topology in Galg^''"' " {K\K\. 



Let L\M\K be {di, . . . , 9„)-differential field extensions. Notice that we do not exclude L = M = K. 
All the definitions we are going to give before the next Proposition are presents in [HSj . § 6.2.3. 

The {di, . . . , 9„)-differential transcendence degree of L over M is the maximum number of 
elements ai, . . . , a^ of L such that: 

P{ai,...,ak) / 0, 

for all non-zero {di, . . . , 9„)-differential polynomials P with coefficients in M. 

Let us consider m^ indeterminates {Xij)ij^rn- Let (p) be a prime {di, . . . , 5n)-differential ideal 
of Cft-{Xjj}g^^,, a^ (i.e: a prime ideal stable under the derivations di, . . . , 5„). The {di, . . . , dn)- 
dimension of {p) over Ck is the {di, . . . , 9„)-differential transcendence degree of the quotient ring 
CK{Xij}d^^,„^an/{p) over Gk- 



16 



A DENSITY THEOREM IN PARAMETERIZED DIFFERENTIAL GaLOIS THEORY. 

Let (r) be a radical {di, . . . , 0„)-difFerential ideal of Cx{-'^i,j}ai,...,9„ (i-e: a radical ideal stable 
under the derivations 5i,...,9„). Let (pi) , . . . , (p^,) with z^ € N* be the prime {di, . . . ,dn)- 
difFerential ideals such that (r) = P|(pa;)- The (9i, ... ,5^) -dimension of (r) over Ck is the 

maximum in k of the (9i, . . . , 9„) -dimension of (p/.) over Ck- 

Assume that M C K. Let (q) be the radical {di, . . . , 0„)-differential ideal of Cft:{-^ij}ai....,a„ 
that defines Galgl'-'^" (k\M^ (see the proof of Proposition 9.10 in [CS]). We define the (9i, . . . , dn) 

differential dimension of GalQ^^'"' " (K\Mj over Ck as the (5i, . . . , 9„)-dimension of (q) over Ck- 

Proposition 2.7 ( |HS] . Proposition 6.26). The {di, . . . , dn) -differential transcendence degree of 
K over M is equal to the {di, . . . , dn) -differential dimension of GalQ^'"' " (K\Mj over Ck- 

£^xamp/e 12. 51 (bis). Let us keep the same notations as in Example 12.51 The parameterized Picard- 
Vessiot extension is K{X^,log) and the Galois group is: {/ G Ck]/ / and fdff — (dtf)"^ = 0} . 
The 9f-differential dimension of the Galois group is and therefore, X* satisfies a S^-differential 
polynomial equation in coefficients in Ck- 

2.2 Parameterized differential Galois theory for non-differentially closed field of con- 
stants. 

Let K he a differential field of characteristic with n + 1 commuting derivations: do, . . . ,9„. 
Let Ck be the field of constants with respect to Oq. Notice that we do not assume that Ck 
is differentially closed. Let doY = AY, with A £ Mm{K), and assume the existence of K\K, 
a parameterized Picard-Vessiot extension for doY = AY (see § 12. ip . This means in particular 
that the fields of constants of K with respect to do is Ck- Let F = (Fij) G GL^ [Kj be 

a fundamental solution such that K = K{Fij)QQ^^^^^Qn- Let Autg^''"' " (K\K] be the group of 
{do, - - - , 5„)-differential field automorphism of K letting K invariant. 

We extend Definition 12.41 for the field Ck- Let us consider tv? indeterminates {Xij)ij<^m- 
We say that a subgroup G of GLm(C/^) is a linear differential algebraic group if there exist 
Pi,...,Pk £ Ci^{Xi,j}ai,...,o„, such that for A = (ajj) G GLm(Cx), 

AeC^^ Piiaij) = --- = Pkiaij) = 0. 
The goal of the subsection is the prove: 

Proposition 2.8. (1) Let us consider the injective group morphism: 

PF-- Autl'-^- {k\k) -^ GL^{Ck) 

^ ^ f-Mf)- 

Then, 

Im pF = [f-\{F),^£ ^nt|"-^" (^1^)} 

is a linear differential algebraic subgroup of GLm{CK)- We will identify Autg^''"' " (K\Kj with 
a linear differential algebraic subgroup of GLm(Cx) for a chosen fundamental solution. 

(2) Let C be a subgroup of AutQ''"' " (K\K\ . If K^ = K, then C is dense for Kolchin topology 

in Autgl'-'^'' (K\Ky 
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Notice that contrary to Corollary 12 .Ot the converse of (2) is false when Ck is not differentially 
closed. See |CS] . Example 3.1. 

Proof. (1) We follow now the proof of Proposition 9.10 in |CS] . We consider the differential 
polynomial ring: 

R = K{Xi^j,l/det{Xij)}9„...,a^, 
with the 9o-differential structure: do{Xij) = A(Xij). Let us consider: 

S = K{Fij,l/det{Fi,j)}9,,...,d„, 

the {do, . . . , 9ri,) -differential ring generated over K by the Fij and 1/ det{Fij). The ring S is an 

integral domain because it is contained in the {do, . . . , 5„)-differential field K. Let q be the prime 

{do, . . . , 3„)-differential ideal such that R/q ~ S. Let Zij be the image of Xij in S C K, so {Zij) 
is a fundamental solution for BqY = AY. Consider the following rings: 

ii-{X,j,l/det(X,j)}ej,...,a„ cif{X,,,,l/dot(X,j)}ej,...,s„ = if{y,,,, l/det{y,j)}e^,...,s„ D Ck{1"»,j, l/dot(y,,,)}a^,...,e„ 

where the indeterminates Yij are defined by {Xij) = {Zij){Yij). We remark that do{Yij) = 0. 
Since we consider fields that are of characteristic 0, the differential ideal: 

qK{Yij,l/det{Y,,j)}9„...,a„ C i?{X,j, l/det(X,j)}a,,...,9„ = K{Y,^j,l/ det{Yij)}e„...,a„, 

is a radical {do, . . . , 9ra)-differential ideal (see Corollary A. 17 in |VdPS| ). The next lemma is an 



adaptation of Lemma 9.8 in |CS| without the assumption that the field of constants is differen- 
tially closed. 

Lemma 2.9. The {do, . . . , dn)-ideal qK{Yij, l/det(yjj)}9^_,.,^g^ is generated by: 

I = qK{Yij, l/det(y,,,)K,...,a„ n CxiYij, l/det(y,,,)K,...,a„. 

Proof. Let {ei)i^B be a basis of CK{Yi^j, l/det(yjj)}g^^,,,^g^ over Ck- Let: 

n 

f = Y^ ruiei G qK{Yi^j, l/det(yij)}a^,...,a„, 

with TTij G K. By induction on n we will show that / G /. If n = or 1 there is nothing to prove. 
We assume that n > 1. We can suppose that mi = 1 and ?n,2 ^ Ck- Then, because of the fact 
that the field of constants of K with respect to dx is Ck'- 

n 

do{f) = E^oK)ei / and / G qK{Yij, 1/ det{Y,^j)}a,,...,a„- 

j=2 

Then, by induction, do{f) G /. With the same argument: 

SoK-V) G I- 

Then, 5o(m^^)/ = do{m2^f) — m2^dof G /. Since do{m2^) / 0, we obtain that / G /. D 

By LemmaEIHl QK{Xij, l/det(Xjj)}g^^,,,^g^ is generated by: 

/ = qK{Xi^j, l/det(Xij)}a,,...,a„ n CK{Yij, l/det(yij)}a,,...,a„. 

Clearly /is a {di, . . . ,9„)-radical ideal of Cxl^ij, 1/ det{Yij)}aj^,...,an- Let C = {Cij) G GLm(Cx). 
The following statements are equivalent: 



(i) {C,,)eAu4l'-'''"{K\K). 
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(ii) The map K{Xij,l/ det{Xij)}g^^,„^Q^ -^ K{Xij,l/ det{Xij)}Q^^,,,^g^ defined by (Xij) ^ 
{Xij)(Cij) leaves q invariant. 

(iii) The map K{Xij, l/det(Xjj)}g^^,,,^g^ -^ K defined by (^jj) ^ {Zij){Cij) sends q to 0. 

(iv) The map KjXjj, l/det(Xjj)}a^^..._g^ -^ K defined by (Xjj) i-^ (Zjj)(Cij) sends 

qK{XijMAei{Xij)}a,,...,d^ = qK{Yij,l/ dei{Y,^j)}d,,...,d„ to 0. 

(v) The map K{Yij, l/det(yjj)}gj^...^a,^ — )• K defined by (lij) i-> (Cjj) sends 

g^{yi,„i/det(y,j)K,...,e„ to 0. 

The theorem is now a consequence of the fact that (7iC{lij, l/det(yij)}g^^...^g„ is generated by 
/, a (5i, . . . ,On)-radical ideal of CxiYij, l/det(yij)}a^,...,a„. 

(2) We follow the proof of Proposition 9.10 in |CS| . and use the same notations as before. 
By construction, / of Lemma 12.91 above is the differential ideal that defines the Galois group. 
Assume that the Kolchin closure of G is not the entire Galois group. Then, there exists P € 
CK{Yi,j, l/det(lij)}aj^...^a„ such that P ^ I and P{g) = for all g £ G. Lemma \JM implies that 

P^J = qK{Y,^„l/det{Yij)}a,_a„. 

Let 

T = {Qg K{X,,j, l/det{X,j)}9,_9jQ i J and Q((Z,,,)(5i,,)) = 0,V5 = (5.,^) G G}. 

Since P G T, T ^ {0}. An element Q (z T can be written as: 

Q = fiQi + ■■■ + fuQu, 

where fi^K and Qi G K{Xij, l/det(Xjj)}gj^...^a„. Let Q = fiQi + • • • + fi^Qu S T such that: 

— /i = 1. 

— All the fi are non-zero. 

— 1/ is minimal. 

For all g e G, let Q9 = /f Qi + • • • + f^Qu G T. Let g e G. Since Q - Q9 is shorter than Q, 
and satisfies {Q - Q3) {{Zij){gij)) = 0, we have Q - Q9 e J. U Q - Q^ ^ 0, there exists / G K 
such that Q — 1{Q — Q^) is shorter than Q. Since Q — 1{Q — Q^) G T, this is not possible unless 
Q - Q9 = 0. Therefore, Q = Q9, for all g £ G, and so Q G K{Xij,l/ det{Xij)}g^^,„^Q^. Since 
Q{Zij) = 0, we have Q £ J. This yields the result. 

D 



2.3 A result of descent for the local analytic parameterized differential Galois group. 

We keep the notations of Section [H Let dxY{X,t) = A{X , t)Y {X , t) , with A{X,t) G MmiOu), 
where 7^ C/ is a polydisc of C". Note that Ojj is a ring but not a field in general u . Since 
Ou C Ku, which is a field, Ou is an integral domain, and we can define Ku as the fraction field 
of Ou- We have 

Mu = {a G Ku\dxa = 0} = {a G Ku\dxa = 0}. 

^ For example, if n = 1, {X — t)~^ ^ Oc- However, we have {X — i)"^ e Oc* ■ More generally let q(X, i) £ Oy. 
For t e (7, let R{t) minimal, such that |q:(X, t)| / for < \X\ < R{t). There exists a polydisc y^ If' such that 
there exists e > with R{t) > e on U' . In particular, we have a{X, t)~^ G Oy- 
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Let: 

F{X,t) = (Fi,,) = ^(X,t)X^We(Q(X,t)), 

be the fundamental solution given in Proposition [TTTJ Let us consider Ku{Fij)Q^^j\^ = Kjj C K[/. 
This field has a field of constants with respect to dx contained in Adu^ the algebraic closure of 
A1(7, because of Proposition 3.22 in | VdPSj . Since Aiu n Ku = Aiu, we deduce that Kij\Ku is a 
parameterized Picard-Vessiot extension. Therefore, the results of ^2.21 mav be applied here; and 
we can define a parameterized differential Galois group Autg ' ( Kij\Kif j , which will be identified 
with a linear differential algebraic subgroup of GhmiMu)- We want to prove now that it is the 
"same" as the one of ^2.11 

Let C be a (A()-differentially closed field that contains Mu- Let us define C[[X]][X~"'^], the 
(5x, Ai)-differential field, where X is a (Ai)-constant with dxX = 1, C is the field of constants 
with respect to dx, and dx commutes with all the derivations. We define the ring Kjj i^Mu ^ 
with the differential structure given by: 

Va G Ku,yc £ C,'\/d e {5x, Ai}, d{a<S)Mu c) = da<S>Mu c + a(S)Mu ^c. 

The (Ox, At)-differential ring can be naturally embedded into C[[X]][X^^], which implies that 
it is an integral domain. Therefore, we may define lCc,u, the field of fractions of Ku ®Mu ^- We 
see now lCc,u (resp. Ku ®Mu ^) ^^ a subfield (resp. subring) of C[[X]][X~-'^]. 

Proposition 2.10. Let us keep the same notations. Let dxY{X,t) = A{X , t)Y {X , t) , with 
A{X,t) G Mm{Ou). The extension field }Cc,u{Fij)dxAt\^c,u = ^c,u\^c,u J's a parameter- 
ized Picard-vessiot extension for dxY{X, t) = A{X, t)Y{X, t). Moreover, there exist Pi, . . . ,Pk G 
A4u{Xij}/^^, such that the image of the representation ofGalg ' [}Cc,u\}^c,u) (resp. Autg ' (Ku\Ku]) 
associated to F(X,t) is the set of C-rational points (resp. Mu-^^tional points) of the the hn- 
ear differential algebraic subgroup of GLm{C) (resp. GLm{M.u)) defined by Pi,...,Pk. More 
explicitly: 

'F-\{F),^e Gal^^ {jQ^\JCc,u)} = {A = (0^,,) G GL^(C)|Pi(aij) = • • • = Pk{ai,j) = 0} 
[F-^^{F),^e Aut^^ [K^lKu)} = {A = (0^,,) G GLm{Mu)\Pi{ai,j) = ■■■ = Pk{aij) = 0} . 

Proof. We follow the proof of |MS11| . Proposition 3.3. Let (dk) be a TW^z-basis of C. Let us 
prove that the dk are linearly independent over Kjj. Write J2ksiK'^kPk = with / P^ G Kjj, 
AC ^ 2 minimal and P^ = 1. We have ^k^f^-i^kdxPk = 0. If k = 2, dxPi = 0. If k > 2, we 
have that for all k, dxPk = 0, because of the minimality of k. Since Kif\Ku is a parameterized 
Picard-vessiot extension, for all k, Pk G Mu, a-nd the dk are linearly independent over Kjj. 

Now, we prove that )Cc,u{Fij)dxAt\^c,u is a parameterized Picard-vessiot extension for 
dxY{X,t) = A{X , t)Y (X , t) . Let a G K^c,u{Fi,j)dxAt with dxoi = 0. We may assume that 
a = J2dkPk, where Pk G Kjj. We have dxa = J2dkdxPk = 0. Since the dk are linearly 
independent over Ku, we find dxPk = 0. Hence, P^ G ^Au, because Ku\Ku is a parameterized 
Picard-Vessiot extension. Therefore, a G C and JCc,u{Fi,j)dxAt\^c,u is a parameterized Picard- 
vessiot extension for dxY{X,t) = A{X,t)Y{X,t). 

Let Yij be a set of m? indeterminates and let Iq, Ii, (3x, Ai)-differential ideals such that: 

Ro = Ku{Fij}g^^^^ = Ku{Yij}Q^^At/Io 
-^1 = l^c,u{Fi,j}dxAt = }'^c,u{Yij}dx^At/h- 

The group Auf^^ (Ku\Ku) (resp. Galg^ (x^|/Cc,c/)) is the set of S G GLm(Mu) (resp. 
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B £ GLm(C)) such that {Fij)B is again a zero of /q (resp. /i). We just have to prove that 
Ii = CIq. The inclusion CIq C /i is clear. Let us prove the other inclusion. Let P £ Ii. Without 
loose of generality, we may assume that P G {Ku ®Mu ^) \^i,'j\- ^^^ ^^ write P = Y^ d^Pk, where 
Pfc G i^c/[^ij]- One finds: 

PiFi^j)=Y.'^kPk{Fij) = 0. 

Since the d^ are linearly independent over Ku, one finds, Pk{Fij) = 0, and therefore /i = CIq. 

D 

2.4 An analogue of the density theorem in the parameterized case. 

Let dxY{X,t) = A{X,t)Y{X,t), with A{X,t) G M^{Ou), where / C/ is a polydisc of C". We 
want to find topological generators for Autg'' (Ku\Kuj for Kolchin topology. 

We define now the parameterized monodromy. The notion of monodromy in the unparame- 
terized case is well explained in |VdPSj . For more details about parameterized monodromy, see 

[csllMSllsTon] . 



Definition 2.11. The notations are introduced in ? ll.ll We define m, the formal parameterized 
monodromy, as follows: 

- yH{X,t) e Ku,m{H{X,t)) =H{X,t). 

- Va(t) e 7Wc/,m(X'*W) = e2»™(*)X'*(*). 

- m(log) = 2i7r + log. 

-yq{X,t)=j:anX-^£Eu= \J X^Xt/[^^], m(e(g(X, t))) = e(E a„e-2--X-). 

From the construction of Kij[log, [X""^*'] (s(9(^;^)))ofxt')gE ]' "^ induces a well de- 

fined (3x, At)-differential ring automorphism of Kjjllog, (X"-^^n {^{Q{^:'t)))a(x ^)(^v ]> 

and then it can be extended as a (9x, Aj)-differential field automorphism of Kjy letting Ku in- 
variant. Since Ku C K(/, and since Ku is stable by m, m induces an element of AuIq * ( Ku \Ku ) . 

Remark 2.12. In the regular singular case with one singularity at 0, the definition of formal 
parameterized monodromy corresponds to the definition given in [MSj . 



We now introduce the parameterized exponential torus, which is the subgroup of Autg * ( Ku\Ku 
consisting of elements that act on the e{q{X,t)), with q{X,t) E £[/. 

Definition 2.13. Let a be a character of Ejy. We define Tq as the map 

— Tq is the identity on Kf,u- 

- yq{X,t) G Bu,T^{e{q{X,t))) = a{q{X,t))e{q{X,t)). 

From the construction of Ku[log, (X"-^^n i^ili'^^'^)))n(xt)eE ]' ''"" induces a well de- 

fined (5x, At)-differential ring automorphism of Ku[log, (X"-^^>] i^iQi-^^'^)))n(xt)eE ]' 

and then it can be extended to a ((9x; At)-differential field automorphism of K(7 letting Ku in- 
variant. Since Ku C Kjy, and since Ku is stable by Tq, Tq, induces an element of Autg * f Ku \Ku 
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The parameterized exponential torus (or simply, the exponential torus) is the subgroup of 
Autg'' (Ku\Kij] consisting of the r^, where a is a character of E(/. Notice that the matrices of 
the exponential torus belongs to GLm(C). 

Lemma 2.14. Let d{t) be a singular direction of dxY{X,t) = A{X,t)Y{X,t) (see ^U\) . The 
Stokes matrix St^(^f^ induces an element of Autg* (Kij\Kuj. 

Proof. Let us recall the construction of the Stokes matrices. Let d{t) be a singular direction and 
let kr be the biggest level of dxY{X,t) = A(X , t)Y {X , t) . The assumption we have made on D 
(see ^1.4p tells us that there exists t ^ d^{t) continuous in t, such that 

with no singular directions in [d^{t), d{t)^]d{t), d'^{t)]. From the construction of Stci(^t)i and Hl.'S\ 
we know that 

if'^^«(X,t)e^Wi°sWe«(^'*) = F'^"W(X)e^Wi°gWe'3(^'*)5trf(,). 

By construction, the Stokes matrix induces identity on Kjj. To prove that the Stokes matrices are 
elements of Ant^* (Kij\Ki/], we have to prove that the maps i , that send H{X,t)X^^'e{Q{X, t)) 

to H'^ w(x,t)e^^^'^"^^-^'e^^-^'^' , induce (Sx, At)-field isomorphisms. From the unparameter- 
ized case (see Theorem 2, Section 6.4 of [B ), and the relations satisfied by the symbols log, 
/j5^a(t)\ g^j^j {^{Q{^j'^)))ci(xt)pE (s^^ ^l.ip . i^ induce dx-fi^eld isomorphisms. 

We want now to prove that if H{X, t) admits, H ^'''{X, t) as asymptotic sum in the direction 
d^(i), then dtiH{X,t) admits dt^H'^ (*'(X, t) as asymptotic sum in the direction d^{t), for all 
i ^ n. This is a consequence of Lemma 11.12 1 and the fact that we may assume that the d (t) are 
locally constants. Hence i^ commute with (9^. and i^ induce (9x, Ai)-field isomorphisms. D 

Definition 2.15. Let d{t) be a singular direction of dxY{X,t) = A{X , t)Y {X , t) . The element 
of Autg* (Ku\Ku] induced by the Stokes matrix in the direction d{t) is the Stokes operator in 
the direction d(t). For simplicity of notation, we write StMn for both Stokes operator and the 
Stokes matrix in the direction d{t). 

Proposition 2.16. If a (z Kjj is fixed by all the Stokes operators St^j-^, the monodromy and 
the exponential torus, then a G Kjj. 



Proof. Let ^Au be the algebraic closure oiMu- Proposition 3.25 of [VdPSj implies that if a € K{/ 
is fixed by the monodromy and the exponential torus, then a € K[/n7V(i7[[X]][X~^] = Kij. Since 
Ku C K[7, we have to prove that if a S KjjPiKjj is fixed by all the Stokes operators, then a G Ku- 
Lei a eKur\ku fixed by ah the Stokes operators. Let F{X,t) = H{X,t)X^^^^ e{Q{X,t)) be 
the fundamental solution defined in Proposition 11.11 and let {Hij) be the entries of the matrix 
H{X,t). There exists P G Ki/{Xij)Q^^/\^, such that P{Hij) = a. Let d{t) that satisfies the same 
properties as in Proposition ll.lli Because of Proposition II. m there exists a map U -^ M^'', 
t 1-^ e(i), which is not necessary continuous, such that P{H- ■ ) is meromorphic in {X,t) for 



^,3 



(X,t) G XgC 



arg(X) G 



rfi(t)-^,d2(t)+^ 



and < |X[ < eit) \ x U, 



where (ii(t),d2(i) are two singular directions. Since P{Hij) is fixed by all the Stokes opera- 

rdit 



tors, P{H^-') is meromorphic in {X,t) for < \X\ < e{t) and {X,t) G C x [/. Moreover, 
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P{H^y){X,t) = P{H^y){e^'''X,t) on his domain of definition, which means that P{H^y) is 
meromorphic in {X, t) for < \X\ < e(t) and (X, t) E C x [/. We recall that Ku consist of function 
f{X,t) such that for < |X| < e(t), t ^ f{X,t) G Mu- We have, P{H'^f) G Ku- We have seen 
in Lemma EH that the map that sends H{X,t)X^^*'^e{Q{X,t)) to i/'iW(x, t)e^W^°g(^)e'3(^'*) 
induces a {dx, A()-field isomorphism. Since the above map leaves Ku invariant, this implies that 
P{Hi^j) eKu. D 

We can now prove the main theorem of this paper. We recall some notations. Let dxY^X, t) = 
A{X^Y{X,t), with A{X,t) G Mm{Ou) (see page|3]), let Ku be the fraction field of Ou, and 
let Ku\Ku be the parameterized Picard-Vessiot extension defined in the beginning of H2A[ Let 
Autg^ (Ku\Ku) be the field automorphisms of Ku which commute with all the derivations and 
leave Ku invariant. 

Theorem 2.17 (Parameterized analogue of the density theorem of Ramis) . The group generated 
by the nionodroniy, the exponential torus and the Stokes operators is dense for Kolchin topology 

inAut^^{Ku\Ku). 

Proof. First of all, we have already pointed out that the monodromy, the exponential torus and 
the Stokes operators are elements of AuIq*- {Ku\Ku]- Using Proposition 12. 8[ we just have to 

prove that if a{X, t) G Ku is fixed by the monodromy, the exponential torus and the Stokes 
operators, then it belongs to Ku- This is exactly Proposition 12.161 D 

Corollary 2.18. Aut^^ {Ku\Ku] contains a finitely generated Kolchin-dense subgroup. 

Proof. Let qi{X, t), . . . , qp{X, t) G E;/, Q-linearly independent, such that 

Ku C Kf^u {e{qi{X, t)), ..., e{qp{X, t))) . 

Let Tj be an element of the exponential torus that fixes the e{qj{X,t)) for j ^ i, and that sends 
e{qi{X,t)) to ae{qi{X,t)), with a not a root of unity. 

By the definition of the singular directions (see ^1.4p . there exists z^ G N* such that the 
singular directions are finite modulo 2z^7r. Let di{t), . . . , dk{t) be such that, if d{t) is a singular 
direction, then d{t) is equal to one of the di{t) modulo 2i/7r. Let a{X,t) G Ku be fixed by the 
monodromy, ri,...,r^, and S'tff^ ((),..., S't^^^ (f) . Using Proposition 12. 8| it is sufficient to prove 
that a{X,t) G Ku- 

We can write a{X, t) as an element of: 

Kf,u {e{qi{X, t)), ..., e{qp.i{X, t))){e{qp{X, t))) . 

Since the qi{X., t) G E(/ are Q-linearly independent, we know by construction that the e{Nqp{X, t)), 
with A^ G Z, are C-linearly independent over Kp^u {s{qi{^,t)), ■ ■ ■ i e((jr^_i(X, t))). If we add the 
fact that a{X,t) is fixed by r^, we obtain: 

a{X, t) G Kf,u (e(gi(A, t)), . . . , e(g^_i(X, t))) . 

We apply the same reasoning /3 times to conclude that a{X, t) G Kp^uf^Ku- By the construction 
of the Stokes operators, we have that St^(^i-^ = Id if and only if 5't2;/7r+d(t) = Id, where i/ G N* has 
been defined in the proof. Proposition 12.161 allows us to conclude that a{X,t) G Ku. □ 

Remark 2.19. (1) Let C{t){X} be the subset of Of/ consisting of elements of the form X]i>Af CLi{t)X^, 
withai(t) G C(t) and iV G Z. Let us consider 9xl^(A, t) = A{X,t)Y{X,t), with A{X,t) G M„(C(t){A}). 
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Even if we would be able to define a parameterized Picard-Vessiot extension over C{t){X}, we 
would not have a parameterized analogue of the density theorem of Ramis, because the mon- 
odromy is not defined in this case. In general, we have 

m(X°W) = e2^™Wx"W ^ C(i){X}(X"W). 

This is why we take a larger field of constants with respect to dx- 

(2) Similarly, we can prove that the group generated by the monodromy and the exponential 

torus is dense for Kolchin topology in Autg^ (Kjj\Ku n Kuj. 

2.5 The density theorem for the global parameterized differential Galois group. 

In this subsection, we consider parameterized linear differential equation of the form: 

dxY{X,t) = A{X,t)Y{X,t), 

with A{X,t) € Mm{Mui^))- We want to prove a density theorem for the global parameterized 
differential Galois group. The result in the unparameterized case can be found in [M], Proposition 
1.3. The parameterized singularities of dxY(X,t) = A{X,t)Y{X,t) belongs to the algebraic 
closure of Mjj- Because of Remark II. 4 1 after taking a smaller polydisc ^ U, we may assume 
that the set of parameterized singularities belongs to A4u- We will write singularity instead 
of parameterized singularity when no confusion is likely to arise. Let S = {ai{t), . . . ,ak{t)} C 
^i{M-u) be the set of the singularities of dxY{X,t) = A{X,t)Y{X,t). For any singularity of 
dxY(X,t) = A{X,t)Y{X,t), we may define the set of singular directions of all the singularities 
by considering 

dxY{X - a{t),t) = A{X - a{t),t)Y{X - a{t),t) if oo ^ a{t) G S 

and 

dxY{X-^,t) = A{X-^,t)Y{X-^,t) if oo = a{t) G 5. 
Let {dij{t)) be the singular directions for the singularity aj(t). As in ^1.41 we define: 

'^oiit) = {t eU \3j,j' G N, 3to G U, such that dij{t) = dij>{t) and dij{to) / dij>{to)} . 

From Lemma n.im all the T>^.u\ are closed set with empty interior. After taking a smaller polydisc 
7^ [/, we may assume that: 

— There exists e > such that for all t G C/ and for all i^j ^ k: 

\ai{t) -aj{t)\ > e. 

— 2?Q,-(i) = for all i ^ k. 

Let xo{t) G Mjj and let e > such that: 

Vt G [/, Vi < j ^ k, |xo(t) — aj(t)| > £ and \ai{t) — aj{t)\ > e. 

For all i ^ k and all t G C/, we define Ua-u)^ the polydisc in the X-plane with center ai{t) 
and with radius e. Let daiit) be a continuous ray from aiit) in f^a.(i), ^ai(i) be the continuous 
point of dai{t) with \bai{t) — ai{t)\ = e and Jaiit) be a continuous path in Fi{A4i/) from XQ{t) 
to bai{t), such that for all t £ U and all j ^ k, \^aiit) — Oij{t)\ > e/2. Analytic continuation 
of F{X,t) = (Fij), a germ of solution at xo{t) with the path 7aj(t) and da^^t) provides a 
fundamental solution F °'i^^>{X,t) on a germ of open sector with vertex ai{i) bisected by da^{t). 
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Let Aiu{X) = Mu{^){Fi,j)dxAf From the assumptions we have made on a;o(t), we deduce 
that this field has a field of constants with respect to dx equals to Mu- Therefore, we deduce that 
^Au{X)\Mu{X) is a parameterized Picard-Vessiot extension. The results of ^2.2l mav be applied 
here and we can define a parameterized differential Galois group Autg* i Mu{X)\A4u{X)] , 

which will be identified with a linear differential algebraic subgroup of GLm(A^t/)- As in Propo- 
sition [27101 we want to prove now that it is the "same" as the one of ^2.11 

Let C be a (At)-differentially closed field that contains Mu and let C{X) denotes the 
((9x)^t)-differential field of rational functions in the indeterminate X, with coefficients in C, 
where X is a (A()-constant with dxX = 1, C is the field of constants with respect to dx, and dx 
commutes with all the derivations. With the same reasoning as in Proposition 12.10] we prove: 

Proposition 2.20. Let us keep the same notations. Let dxY{X,t) = A{X , t)Y {X , t) , with 

A{X,t) E M„,{Mu{X)). The extension field C{X){Fij)g^^At\C{X) = C{X)\C{X) is a pa- 
rameterized Picard-vessiot extension for dxY(X,t) = A(X , t)Y (X , t) . Moreover, there exist 

Pi,... ,Pk G -MulXij}/^^, such that the image of the representation of Galgl i C{X)\C{X) j 

(resp. Autg ' ( Aiu{X) \Aiu{X) j ) associated to F{X, t) is the set ofC-rational points (resp. du- 
rational points) of the the linear differential algebraic subgroup of GLm(C) (resp. GL„i(A^c/)j 
defined by Pi, . . . ,Pk. More explicitly: 

F-^ip{F),ipe Gal^^ (^C(X)|C(X))| = {A = (ai,,) G GLm{C)\Pi{ai,j) = ■■■ = Pk{ai,,) = 0} 

F-V(i^),'/' G Autf^ [jCuXx)\Mu{X)\\ = {A = (aij) G GLm{Mu)\Pi{ai,j) = ■■■ = Pk{aij) = 0} 



We want to find topological generators for Autg* f A4u{X)\M.u{X) j for Kolchin topology. 
For a{t) G Mu, let 

KuMt) = {fix - «(0'i) I fi^^t) e Ku}, 
and let 

Ku,oo = {f{X-\t)\f{X,t)eKu}. 

Let a{t) G S and let Autg * ( M.u{X) \Ku^a{t) ^ Mu{X) j be the local Galois group for the funda- 
mental solution F'^°W(X,t) described above. If we "conjugate" Autg^ (Mu{X)\Ku^a{t) r]Mu{X) 

by the analytic continuation of F(X, t) described above, we get an injective morphism of linear 
differential algebraic group: 

Aut^^ (^AMX)\Ku,a(t) n AMX)^ ^ Aut^^ (^A^)|A^c/(^)) • 

Using the maps i^ defined in the proof of Lemma 12.141 and the injection above, we can define 
the monodromy, the exponential torus, and the Stokes operators for any singularities in S, as 
elements of 

.At 



Aut^^[Mu{X)\Mu{X)\. 
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Theorem 2.21. Let dxY{X,t) = A{X , t)Y {X , t) , where A{X,t) G Mm{MuiX)). For a{t) G S, 
let Ga(t) t>e the subgroup of: 

generated by the monodromy, the exponential torus and the Stokes operators. Let G be the 
subgroup of Autg* ( M-u{X)\M.u{X) j generated by the Ga(t)j with a{t) G S. Then G in dense 
for Kolchin topology in 

Aut^^ (^AMX)\Mu{X) 

Proof. We use Proposition 12.81 We have to prove that the subfield of A4if{X) fixed by G is 
A4u{X). Let f(X,t) G A4ui^) be fixed by G. Then, by the same reasoning as in Proposition 
I2.16| it follows that f{X,t) belongs to -K'f/,o(t), for a{t) G S. Therefore, we deduce that f{X,t) is 
meromorphic in {X, t) on Pi(C) x U, and has a finite number of poles in the X-plane for t fixed. 
Hence, /(X,t) g7W[/(^)- □ 

In particular, we generalize Theorem 4.2 in |MS11] who says that if the equation has only 
regular singular poles, then the group generated by the monodromy at each pole is dense for 

Kolchin topology in Autp (m^)\Mu{X)' 



Corollary 2.22. Autg^ (Mu{X)\Mu{X)] contains a finitely generated Kolchin-dense sub- 
group. 

Proof. In the proof of Theorem 12.211 we see that the global parameterized differential Galois 
group is generated by all local parameterized differential Galois groups. Since there is a finite 
number of singularities, this is a consequence of Corollarv 12.181 D 

2.6 Examples. 

In all the examples, we will compute the global parameterized differential Galois group. This 
means that the base field is Mui^)- 

Example 2.23. Let us consider dxYiX, t) = yY{X, t). This example was treated by hand in Ex- 

ample 1231 but we will compute here Autg* f A4u{^)\-M-u{X) j using the parameterized density 

theorem. The fundamental solution is (X*) and the parameterized Picard-Vessiot extension over 
Aiu{X) is Aiui^jX^j^og) (we want the extension to be closed under the derivations dx and 
dt). The exponential torus and the Stokes matrices are the identity. The monodromy sends X* 
to e^*'^*X*. The element e^*'^* satisfies the differential equation 



dte 



2iTTt 



*h^ ="■ 



Therefore, the Kolchin closure of the monodromy is contained in: 



a e M 



u 



dt[—)\ ={ce^*,6GC,cGC*}. 
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Conversely, the map that sends X* to ce^*X* is an element of Autg * i Mu{X) \Aiij{X) ) . Finally, 
viewed as a linear differential algebraic subgroup of GLl{^Au), 

Au4^ (^AMX)\Mu{X)^ ^ {a e Mu\dt {^) = 0} 

= {a e Mu\a ^ and adfa - {dto)'^ = 0} 
c GU{Mu). 

Example 2.24 (Parameterized Euler equation). Let us consider: 



(dxY{x,t)\^( 1 U y{x,t) \ 

\dlY{X, t)) \-j^ j^^ - ^) [dxYiX, t)) ' 
where f{t) is a meromorphic function different from 0. A fundamental solution is: 

\-T^ dxF(X,t))\ \ ' ij' 

where F{X, t) = 2_, "'K/(^)^)"^ • The only singularity is 0. The monodromy is trivial. Let r be 
an element of the exponential torus. Then, the image of the fundamental solution under r is: 

y-mx^ dxF{X,t)]\ \ 'J' 

with a G C*. Therefore, the matrices of the elements of the exponential torus are of the form 
Diag(a,l), with a G C*. The only level of the system is 1 and the singular directions are the 
arg(/(t))~-^ + 2/c7r, with A; € Z. As we have seen in Proposition II. 9| we can compute the Stokes 
matrix with the Laplace and the Borel transforms. To compute the matrix in the direction 
arg(/(i))~-^, we will compute: 

^lArgif(t))-^+e{B{F{X,t))) - Ci^^^g(^f(^t))-i^e{B{F{X,t))), 

where < e < ^ is taken such that there are no singular directions on the sector: 

arg(/(t))-^-£,arg(/(t))-i[ (J ]arg(/(t))-\arg(/(t))-i + e . 

It follows from the definition of the formal Borel transform that B{F{X,t)) = log(l — f{t)X). 
Finally, 

^l,a.Tg{f(t))'^+e{^{F{X,t))) - Ci^^j.g(^f(^t))-i_^{B{F{X,t))) 
X-^ ^^ooi(arg(/(t))-i+e) ^^g^^ _ J(i)^)e-(f )^(^) 

Integration by parts and residue theorem imply that: 

^l,arg(/(t))-l+.0(^(^,i))) - ^l,arg(/(t))-l-.(^(F(X,t))) = 2i7T f{t)e-(7lhx) , 
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Therefore, the Stokes matrix in this direction is . Finally we obtain: 






a bf 



Aut^^ (Mu{X)\Mu{X) ] ~ U" n , where a G C* and 6 G C 



a j3 




, where dta = 0, a 7^ and dt(j\ = r • 



Example 2.25 (Bessel equation). We are interested in the parameterized linear differential equa- 
tion: 

(dxY{X,t)\_( 1\ / Y{X,t) \ 

\d\Y{X,t)) - l^(%^ ^; [dxY{X,t)) ■ 

This equation has two singularities: and 00. Let 7^ f7 be a polydisc such that C/n(l/2-|-Z) = 0. 
First, we will compute: 



Au4'^ [Mu{X)\Kuflr^Mu{X) 
If t + 1/2 ^ Z, the two solutions: 



2) ^^k\T{t + k + l)2k 

are linearly independent (see [Watj Page 43) and we have a fundamental solution. The equation is 
regular singular, therefore, the group generated by the monodromy is dense for Kolchin topology 

in the parameterized differential Galois group Autg* 1 A4u{X)\Ki/fi r\A4u{X) J. By the same 

reasoning as in Example 12.231 

Aut^^ (jCuKx) \Kufl n M^)\ - I ( Q ° 1 ) , where a / and ad^a - {dtaf = I . 

We turn now to the singularity at infinity. We have: 

(dxY{X-\t)\ _( l\ / Y{X-\t) \ 

\dlY{X-\t)) -\^-i, ^) \dxY{X-\t)) ■ 

In order to compute the matrices of the monodromy, the elements of the exponential torus, and 
the Stokes operators, we will help ourself with another basis of solutions: 

Hl{x-^) = -LA^''^ - ^"'''Mx-') 



ism{t7T 

hKx~') 



2,^„i, J_t(X-i)-e^*-Ji(X-i) 



— isin(t7r) 
In I Wat] page 198, we find that on the sector ] — '7r,27r[, Hl{X^^) is asymptotic to: 

m(x-^ = ('^Y^\riX'--t./2-./'^) ^ (-i)^r(t + fc + i/2)x^ 

*^ ^ Uy t, {2i)'^kwit-k + i/2) ■ 
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The same holds for Hf(X^^) on the sector ] — 27r,7r[: 

m(Y-^ = f^V^\-iix-^-tn/2-./i) ^ T{t + k + l/2)X'^ 



It fohows that in the basis {Hf{X~^), Hf{X^^)), the matrix of the monodromy is: 

and the matrices of the elements of the exponential torus are of the form: 

{(o „"l). where „.C-}. 

The only level is 1 and due to the expression of Hl{X~^) and Hf{X~^), the singular directions 
are the directions ^ + kir, with A; € Z. By definition, the Stokes matrix in the direction ^ + fcvr 
is the matrix that sends the asymptotic representation defined on the sector ](/c — 1)tt, {k + l)7r[ 
to the asymptotic representation defined on the sector ]A;7r, {k + 2)7r[. In [RMlj . 3.4.12, we find 
that in the basis {H^{X~^), H^[X~^)) the Stokes matrix in the direction ^ + 2k'K is 

/ 1 o\ 

and the Stokes matrix in the direction — f + 2k'n is 

(l -2e-2»'^*cos(7rt)\ 

An application of Theorem E2I] and Theorem [XT7] gives that Autg'^ iMu{X)\Ku,oo n Mu{X) 

and Autg* ( A4u{X)\A4u{X) | are linear differential algebraic subgroups of SL2{Mu), because 

all matrices we have computed are in SL2(A^;7), and the Kolchin closure of a subgroup of 
Sh2{M.u) is a linear differential algebraic subgroup of SL2(A^;7). 

Let C be a differentially closed field that contains A4u and consider Galg * I C{X) \C{X) j , the 
parameterized differential Galois group defined in Proposition 12 .2Ul We are going now to compute 
the Zariski closure G of Galg ' I C{X)\C{X) j . Let C* = C\ {0}. From the classification of linear 
algebraic subgroup of SL2(C) (see |VdPSj . Theorem 4.29), there are four possibilities: 

(i) G is conjugate to a subgroup of i? = < -i ' where a G C*, b £ C>. 

(ii) G is conjugate to a subgroup of Deo = "(0 -lU r n' '^^^^^ a,b G C* > . 

(iii) G is finite, 
(iv) G = SL2(C). 

From Proposition 12.20] every matrices that belongs to Autg* I A4i/{X)\Mu{X) j belongs also 
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to Gal^^ (c{X)\C{X)\ Since G must contain 

1 0\ fl -2e-2*'^*cos(7rt)' 



^2int, . .s , I and 



\ 2e^*''* cos(7rt) Ij \0 1 I ' 

we find that the only possibility is G = SL2(C). In |C72] . Proposition 42, Cassidy classifies the 
Zariski-dense differential algebraic subgroups of SL2(C). Finally, we have two possibilities: 

- Gal^^ (c{X)\C{X)] is conjugate to SL2(Co) over SL2(C), where Cq = {a e C{X)\dxa = dta = 0}. 






- Gal^^(C{X)\C{X)) =SL2(C). 



If Galg'^ I C{X)\G{X) j is conjugate to SL2(Co) over SL2(C), the matrix of the monodromy of 

the singularity is conjugate to a matrix M E SL2(Co) over SL2(C). Similar matrices have the 
same eigenvalues, then the eigenvalues of M are e^*'^* and e"^*'^*, which is not possible if M 
belongs to SL2(Co). Because of Proposition 12.20] we find that 

Au4^ (aMX)\Mu{X)) = SL2{Mu). 



3. Applications. 

We now give three applications of the parameterized differential Galois theory. In ^3.1| we deal 
with linear differential equations that are completely integrable. It has been proved in [CS] that 
the equation is completely integrable if and only if the parameterized differential Galois group 
is conjugate over a differentially closed field to a group of constant matrices. We use Theorem 
12.211 to prove that the equation is completely integrable if and only if there exists a fundamental 
solution such that the matrices of the topological generators for the Galois group appearing in 
Theorem 12.211 are constant matrices. As a corollary, we prove that the equation is completely 
integrable if and only if the matrices of the topological generators for the Galois group given in 
the parameterized density theorem are conjugate over Ghm{Mu) to constant matrices. Notice 
that Al[/ is not differentially closed. In ^3.2[ we study an entry of a Stokes operators at the 
singularity at infinity of the equation: 

dJcY{X,t) = {X' + t)Y{X,t). 

In particular, we prove that it is not 9i-finite: it satisfies no parameterized linear differential 
equation. This partially answers a question by Sibuya. In ^3.31 we deal with the inverse problem 
in the parameterized differential Galois theory. Let khe a so-called universal (At)-field, see ^3.21 
We give a necessary condition on a linear differential algebraic subgroup of Ghm{k) for being 
the global parameterized differential Galois group for some equation having coefficients in k{X). 
The sufficient condition has been proved in [MSllj, Corollary 5.2. 

3.1 Completely integrable equations. 

In this subsection, we study completely integrable equations. See also |GUj for an approach from 
the point of view of differential Tannakian categories. 

Definition 3.1. Let Aq G Mm{Mu{X)). We say that the linear differential equation doY = AqY 
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is completely integrable if there exist Ai, . . . ,An € Mm{M.u{X)) such that, for all ^ i,j ^ n, 

^ti-^j ~ '^tjAi = AiAj — AjAi, 

with dto = dx- 

Remark 3.2. Sibuya shows in [Si90j . Theorem A. 5. 2. 3, that if the parameterized linear differential 
equation dxY{X,t) = A{X,t)Y{X,t) is regular singular, then it is isomonodromic (see page [2] 
for the definition) if and only if it is completely integrable. This result is not true in the irregular 
case. The main reason is the fact that there are more topological generators in the parameterized 
differential Galois group, see Proposition 13.31 

Proposition 3.3. Let Ao{X,t) G Mm{Mu{X)) and let Mu{X)\Mu{X) be the parameterized 
Picard-Vessiot extension for dxY(X, t) = ^o(^) t)Y(X, t) defined in H2.5[ The linear differential 
equation dxY{X,t) = AQ{X,t)Y{X,t) is completely integrable if and only if there exists a 

fundamental solution F{X,t) in M.u{X), such that the images of the topological generators of 
Autg* f A4u{X)\M.u{X) ] (see Theorem VJ.'Jl]) . with respect to the representation associated to 
F{X,t), belongs to GL„(C). 

Proof. Let C be a differentially closed field that contains ^Au and let us consider C{X) as in N2.51 
Let C{X)\C{X) be the parameterized Picard-Vessiot extension for dxY(X, t) = Aq(X, t)Y{X, t), 
and let Galg ' ( C{X)\C{X) j be the parameterized differential Galois group defined in ^2.11 We 

recall that if we take a different fundamental solution in A4u{X) to compute the Galois group, 
we obtain a conjugate linear differential algebraic subgroup of Ghm{Mu)- 

Using Theorem I2.21| we find that there exists a fundamental solution such that the matrices 
of the topological generators for the Galois group appearing in Theorem 12.211 are constant if 

and only if Autg^ ( A4u{X)\A4u{X) I is conjugate over GLm(A^c/) to a subgroup of GL^ 



Using Proposition 12. 2^ we find that Autg'^ iMu{X)\Mu{X) ) is conjugate over GLm{Mu) 



''dx 



to a subgroup of GLm(C) if and only if GuIq^ f C{X)\C{X) j is conjugate over GLm(C) to a 
subgroup of GLm(Co), where 



Co = {a G C{X)\dxa = dt,a = ■ ■ ■ = dt„a = 0} . 

Proposition 3.9, [CSj says that this occurs if and only if there exist Ai, . . . , A„ G Mm{C{X)) 
such that, for all ^ i,j ^ n, 

'^tiAj — OtjAi = AiAj — AjAi, 

with dto ~ ^x- To finish, we follow the proof of Proposition 1.24 in [DVH] . Let < z ^ n and 
let us consider 

dxAi - dt^Ao = AoAi - AiAo. 

By clearing the denominators, we obtain that every entries of every X-coefficients of Ai satisfies 
a finite set of polynomial equations in coefficients in Aijj. Since the polynomial equations have 
a solution in C, it must have a solution in the algebraic closure of A4u- Using Remark II. 4| we 
find the existence of 7^ C/' C C/, such that all the Ai belongs to Mm{J^u'iX)). This concludes 
the proof. D 
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In the proof of Proposition I3.3| we have proved: 

Corollary 3.4. Let A{X,t) £ MmiMu{X)). The equation dxY{X,t) = A{X , t)Y {X , t) , is 
completely integrable if and only if the matrices of the topological generators for the Galois 
group appearing in Theorem \2.21\ are conjugate over GLmi-Mu) to constant matrices. 



Remark 3.5. This corollary improves Proposition 3.9 in |CSj . The conjugation occurs in a field 
that is not differentially closed. Furthermore, we do not need for the entire parameterized differ- 
ential Galois group to be conjugate to a group of constant matrices in order to deduce that the 
equation dxY(X,t) = A{X,t)Y{X,t) is completely integrable. 



3.2 On the hyper transcendence of a Stokes matrix. 

In this subsection, we will study the parameterized linear differential equation: 

dlY{X,t) = {X^ + t)Y{X,t). (3) 

Sibuya, in Chapter 2 of |Sij, shows that there exists a solution yQ{X,t) which admits an asymp- 
totic representation yQ{X,t) on the sector (see Theorem 6.1 in [Sij ) : 

-Sir 3tt 



X e 



arg(X) G 



We easily check that 



/ —2kiTV —BkJTV 

yk{X,t)=yo{e 5 X,e 5 t 



are solutions of <^ which have the asymptotic representation yj^(X,t) = yo{e 5 X,e' 
the sector Sk-i U 5'fc U Sk+i, where 

{2k-l)TT {2k + l)TT 



't) on 



Sk 



X G 



arg(X) e 



and Sk is its closure. 




The sectors Sk The singular directions 

The asymptotic representation yk{X,t) is bounded uniformly on each compact set in the 
t-plane as |X| tends to infinity on the sector Sk, and tends to infinity uniformly on each compact 
set in the t-plane as \X\ tends to infinity on the sectors Sk~i and Sk+i- As we see in [Si], page 
83, yk+i{X,t) and yk+2{^,t) are linearly independent and we can write yk{X,t) as a A^c-linear 
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combination of yk+i{X,t) and yf:^2{X,t): 

yk G N, VX, t G C, VkiX, t) = Ck{t)yk+i{X, t) + Ck{t)yk+2{X, t), (4) 

where Ck{t),Ck{t) G Ale- By Theorem 21.1 in [Si], we obtain that 

Ck{t) = -e— and Ck{t) = Cq [e^tj . 

In [Si], the author asks if Co(t) is differentiahy transcendental (i.e: satisfies no differential poly- 
nomial equations). We will use Galois theory to prove that for all polydisc U ^ 0, Co(t) is not 
9(-finite over A4u (i.e: satisfies no linear differential equations in coefficients in A4u). 
The singularity of the system is at infinity. Let W{X,t) = XY{X^^,t). We obtain the parame- 
terized linear differential equation 

X'^dJcWiX, t) = (1 + tX^)W{X, t), (5) 

which can be written in the form 

(dxW{x,t)\ _( i\( w{x,t) \ 
[dj,w{x,t)) [i^ o)[dxW{x,t))- 

Let A; be a so-called universal (At)-field of characteristic 0: for any (Ai)-field kQ C k, (Ai)-finitely 
generated over Q, and any (At)-finitely generated extension ki of fco, there is a (At)-differential 
/cQ-isomorphism of ki into k. See Chapter 3, Section 7 of |Kol76] for more details. In particular, k 
is (Ai)-differentially closed. Let k{X) denotes the (9x) '^t)-differential field of rational functions 
in the indeterminate X, with coefficients in k, where X is a (At)-constant with dxX = 1, k is 
the field of constants with respect to dx, and dx commutes with all the derivations. 

Let A{X,t) = i_(_(x^ • '^^^ t^o solutions Xyi{X^^,t), Xy2{X^^,t) admit asymptotic 

representation and the only singularity is 0. Therefore, 

Mu{X){yi{X-\t),y2{X-\t))Q^^9^\Mu{X) = AMX)\Mu{X) 

is a parameterized Picard-Vessiot extension for dxW{X, t) = A(X, t)W{X, t). Because of Propo- 
sition E^D] k{X)\k{X) = k{X){yi{X-\t),y2{X-^,t))9^^d^\k{X) is a parameterized Picard- 
Vessiot extension. 

Lemma 3.6. Galg^ {k{X)\k{X)^ = SL2{k). 

Notice that the differential equation is of the form dxW{X,t) = r{X,t)W{X,t), where 
r{X,t) G k{X). In this case, we can compute the Galois group using a parameterized version 
of Kovacic's algorithm, see \At\ ID] . In order to have a self contain proof, we will perform the 
computations explicitly. 

Proof. If we apply Kovacic's algorithm (see |Kov| ) . we find that the unparameterized differential 
Galois group Galg^ (k{X)\k{X) j is equal to SL2(A;). We apply Proposition 6.26 in [HSj . to deduce 

that Galg* (k{X)\k{X)] is Zariski-dense in SL2(A;). By Proposition 42 in |C72] . we obtain that 
there are two possibilities: 

- Gal^^ [k{X)\k{X)) =SL2{k) 

— Galg ' (k{X)\k{X)j is conjugate to SL2(A;o) over SL2(fc), where ko = {a ^ k{X)\dxa = dto = 0}. 
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We see in |D], Remark 4.4, that the last case occurs if and only if the following parameterized 
differential equation has a solution in Aiu{X), for some polydisc 7^ [/ of C"': 



dh{X,t) = dxy{X,t 



4 + 4tX- 



+ y{x,t)dx 



4 + AtX^ 



d, 



4 + 4tX' 



With the algorithm presented in [VdPS ] p. 100, we find that this does not happen and then: 

Gal^^ (^k(X)\k{X)^ =SL2{k). 

Lemma 3.7. The singular directions of the equation ^ are: 

2k7T 



D 



-jWith k £ Ij. 



Proof. Let fc € Z. The matrix 



' Xyk{X-\t) Xyk+i{X-\t) ' 

dxXykiX-\t) dxXyk+iiX-\t) ^ 



fundamental solution admits an asymptotic representation on the sectors: 

(2/c-l)7r (2A; + 3)7r 



' W{X,t) ' 
,dxW{X,t)^ 



The 



X eC 



arg(X) G 



5 ' 5 

The only level is |. Prom Proposition II.III and the construction of the singular directions, we 
find that the singular directions are 

2k7r 



-, with A; G Z. 



D 



Example 3.8. We want to compute the Stokes matrix in the direction ^ for the fundamental 
solution: 

/ Xyi{X-\t) Xy2{X-\t) \ 

\dxXyi{X-\t) dxXy2{X-\t))- 

We recall the construction of the Stokes matrices. See ^1.3l for the notations. Let H{X, t)X^^^'e{Q{X, t)) 
be a fundamental solution in the parameterized Hukuhara-Turrittin's canonical form. Let H^{X, t) 
(resp. H^{X, t)) be the matrix such that 

H-iX, t)e^W ^osix)^Qix,t) |^^ggp_ jj+(^x, t)e^W iog(x)gQ(x,t)^ 
is the germ of an asymptotic solution on the sector 



[X eC |arg(X) G ] ^, X [} (^^^P- {^ G C |arg(X) G 

The Stokes matrix in the direction ^ is the matrix that sends 

5 



5 ' 5 



}) 



,L(i)log(X) 0{X,t) 



/7~(X,t)e^Wiog(A)g«(A,t) ^^ //+(X,t)e^-™-'e'- 



„L{t)log(X)^Q(X,t) 



With the domain of definition of the asymptotic representation of Xyi {X ^ , t) , we deduce from 
the definition of the Stokes operators that: 

Sts^{Xyi{X-\t)) = Xyi{X-\t). (6) 
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We first write St87i{Xy2{X'^ ,t)) in the basis 

{Xyo{X-\t),Xyi{X-\t)). 
There exist o(t) and b{t) G Aiu such that: 

Sts. {Xy2{X~\t)) = a{t)Xyo{X-\t) + b{t)Xyi{X-\t). 

By the construction of the asymptotic solutions with Laplace and Borel transforms (see Proposi- 
tion [T3|), the asymptotic representation of St82i{Xy2{X~^ ,t)) has to be bounded in some sector 

of ^,^Q Therefore, a{t) = or b{t) = 0. Since the Stokes operators are automorphisms, 
we get b(t) = 0. Lemma 13.61 savs that the parameterized differential Galois group is Sh2{k). 
Therefore, because of Proposition 12.201 and Lemma 12.141 the determinant of the matrix has to 
be 1. Thus by (HD, we get that the Stokes matrix in direction ^ is: 



BlTV '' 



Lemma 3.9. Let Co{t) be defined as above. Assume that Co{t) is dt-Hnite over k. Then, tlie 
dt-diSerential transcendence degree (see N2. II for definition) of k{X) over k{X) is at most 2. 

Proof. The extension field k(X) is generated over k{X) by yi{X~^,t) and y2(X~'^,t). By the 
parameterized Galois correspondence (see Theorem 9.5 in |CSj ). the Kolchin closure of the group 
generated by St&w is equal to 

5 

Galf;^[k{X)\F), 
where F is the subfield of k{X) fixed by S'tsTr. Using ([2]), we deduce that F contains 

5 

k{X){y^{X-\t))a^^a,. 

Because Co(i) satisfies a linear differential equation with coefficients in k, there exists P, a linear 
differential polynomial such that this group is of the form 

1^ ^VwithP(a)=0 = P(Co(i))|, 

and has 5t-differential dimension over k equals to 0. Therefore by Proposition 12.71 the Si- 
differential transcendence degree of k{X) over F is equal to 0. Because of the fact that F contains 
k{X){yl[X~^,t))Q^^Q^, there exists a differential polynomial Q with coefficients in k{X) such that: 

Q{yi{X-\t),y2{X-\t)) = Q = Q{dx{yi{X-\t)),dx{y2{X~\t))). 

Therefore, the 9f-differential transcendence degree of k{X) over k{X) is at most 2, because k{X) 
is generated as a 5t-differential field over k{X) by 

{yi{X-\t),y2{X-\t),dx{yi{X-\t)),dx{y2{X-\t))}. 

D 

Theorem 3.10. The function Co{t) is not dt-finite over k. 

^This mean that there exist ^ < a < /? < ^^ and e > such that Stsj^{Xy2{X~^ ,t)) is uniformly bounded for 
arg(X) G]a,/?[ and X < \e\. 
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Proof. As we see from Lemma | 



Gal^^ {k{X)\kiX)) =SL2(fc). 



Therefore, by Proposition 12.71 the ^^-differential transcendence degree of k{X) over k{X) is 3. If 

Co(i) is 5t-finite over k, because of Lemma l3.9[ the ^^-differential transcendence degree of k{X) 
over k{X) is smaller than 3. Therefore, Co{t) is not 9t-finite over k. D 

3.3 Linear differential algebraic groups as parameterized differential Galois groups. 

As in ^3.2| let A; be a so-called universal (Aj)-field of characteristic 0. Let us consider an equation 
dxY{X,t) = A{X,t)Y{X,t), with A{X,t) G Mm{k{X)), let k{X)\k{X) be the parameterized 
Picard-Vessiot extension, and let G = Galg* (k{X)\k{X)j C GLm{k) be the parameterized 
differential Galois group defined in ^2.11 The following theorem of Seidenberg, applied with 
Kq = Q and Ki, the (At)-field generated by Q and the X-coefficients of A{X,t), tell us that 
there exists a polydisc ^ U, such that A{X,t) may be seen as an element of MmiMui^))- 

Theorem 3.11 (Seidenberg, [SeiSSI ISei69p . Let Q C Kq C Ki be finitely generated (At)- 
differential extensions of Q, and assume that Kq consists of nieromorphic functions on some 
domain U of C" . Then, Ki is isomorphic to the field KI of nieromorphic functions on U' (Z U 
such that KqIjj/ C Kf, and the derivations in At can be identified with the derivations with 
respect to the coordinates on U' . 

Let M.u{X)\Mu{X) be the parameterized Picard-Vessiot extension defined in ^2.51 and let 
Autg^ I Aiu{X)\A4u{X) I be the parameterized differential Galois group. Using Corollarv l2.22| 

we find that Autg* I A4u{X)\Aiu{X) j contains a finitely generated subgroup that is Kolchin- 

dense in Autg^ (Mu{X)\Mu{X) |. With Proposition 12.201 we find that G contains a finitely 

generated subgroup that is Kolchin-dense in G. Combined with Corollary 5.2 in |MS11] . which 
gives the sufficiency of the condition, this yields the following result: 

Theorem 3.12 (Inverse problem). Let G be a linear differential algebraic subgroup ofGhra{k). 
Then, G is the global parameterized differential Galois group of some equation having coefEcients 
in k{X) if and only if G contains a finitely generated subgroup that is Kolchin-dense in G. 

In the unparameterized case, any linear algebraic group defined over C is a Galois group 
of a Picard-Vessiot extension (see |Tre] ) . In fact, every linear algebraic group defined over C 
contains a finitely generated subgroup that is Zariski-dense, which means that Theorem 13.121 is 
a generalization of the result in [Tre] . 

The situation is more complicated in the parameterized case. For example, the additive group: 

with a £ k> , 

is not the global parameterized differential Galois group of any equation having coefficients in 
k{X) (see Section 7 of |CSj ). In the parameterized case with only regular singular poles, the 
problem has been solved in [MSllj . Corollary 5.2: they obtain the same necessary and sufficient 
condition on the group than Theorem 13.121 In [Sllj , the author characterizes the linear algebraic 
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subgroups of Ghfn{k) that appears as the global parameterized differential Galois group of some 
equation having coefficients in k{X): they are the groups such that the identity component has 
no quotient isomorphic to the additive or multiplicative group of k. 

Appendix A. 

Let us keep the same notations as in i Jl.ll and ^1.21 The goal of the appendix is to prove the 
following theorem. See also |BJH ILROlj for proof in the unparameterized case. 

Theorem A.l. Let dxY{X,t) = A{X , t)Y {X , t) , with A{X,t) £ Mm{Ku). There exists a poly- 
disc ^ U' C U , such that we have a fundamental solution of the form 

P(X,t)X^We(Q(X,i)) G GL„(K^O, 
with: 

- P{X,t)eGL^{Ku'). 

- C{t) G Mra{Mu') and X^(*) G GI.^{Kf,u') satisfy 

X X 

- e{Q{X,t)) = Diag(e(g,(X,t))), with qi{X,t) G Eu'. 

Moreover, we may choose the same polydisc ^ U' as in Proposition \1.1[ Combined with Remark 
\1.3l this gives a sufficient condition on to G U, to have a fundamental solution P{X,t)X^^>e{Q{X,t)) G 
GLm{Kij') in the same form as above with to G U'. 

Notice that contrary to Proposition ll.il H{X,t) G Gl-irn{Ku')- On the other hand, we loose 
the commutation between X^^' and e{Q{X, t)). Before giving the proof of the theorem, we state 
and prove two lemmas. 

Lemma A. 2. Let ^ U' C U be a polydisc. Let a{t) G Mw and a{X,t) G Kf,u' such 
that m{a{X,t)) = a{t)a(X,t). Then there exists h{X,t) G Kfj' and b{t) G Mu' such that 
a{X,t) = /i(X,t)X''W. 

Proof. Let a{X,t) G Kf,U' such that 7h{a{X,t)) = a{t)a{X,t). The element a{X,t) belongs to 
the fraction field of a free polynomial ring: 

p = K[/4iog,x''iW,...,x''^W]. 

Write a{X,t) = ai{X , t) / a2{X , t) with gcd in P equals to 1. Using the relations in Kp^iji, and 
applying in to ai{X,t)/a2{X,t), we find that a{X,t) contains no terms in log. One can nor- 
malize a2{X,t) such that it contains a term of the form X"i i'*)"' ^^kOkW -with coefficient 1 
and Hi G Z. Using rh{ai{X,t)/a2{X,t)) = a{t)ai{X,t)/a2{X,t), we find that m{a2{X,t)) = 
g2i7r{ni6i{t)+-+nfefefe{t))^2(j^^^) ^^^j m(ai(X,t)) = a(t)e2*^('^i''i W+-+"i''i W)qi(A:, t), which is im- 
possible, unless 

g2J7r{nifei{t)H hnft6fc(i)) _ -j^ 

This means that a2{X,t) G Kij/ and we may assume a2{X,t) = 1. Applying m to ai{X,t), one 
finds that ai{X,t) contains at most one term, that is a{X,t) = h{X , t) X^'^^' , with h{X,t) G Kfj/ 
and b{t) G Mu' that satisfies e^*''''^*) = a{t). D 
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Lemma A.3. Let y^ U' C U be a polydisc. Let A{X,t) G Mm{Ku,). Let Fi{X,t)e{Qi{X,t)) 
and F2{X, t)e{Q2{X, t)) be two fundamental solutions of: 

dxY{X,t) = A{X,t)Y{X,t), 

satisfying, for i G {1;2}, Fi{X,t) G GLm{Kpu') and Qi{X,t) = Diag[qij{X,t)] such that 
qi,j{X,t) belongs to Eu'- Then, Fi{X,t)-^F2{X,t) G GlJ^{Mu')- 

Proof. A straightforward computation shows that: 

dx {Fi{X,t)e{Qi{X,t)))-^ {F2{X,t)e{Q2{X,t))) = 0. 
By Proposition 12.161 

{Fi{X,t)e{Qi{X,t)))-\F2{X,t)e{Q2{X,t))) = C{t) ^GLra{Mu'). 

We have the equahty: 

e(Qi(X, t))C{t)e{-Q2{X, t)) = Fi{X, t)-^F2{X, t). 

The entries of e{Qi{X,t))C{t)e{-Q2{X,t)) are of the form Cij(t)e(gij(X, t) - q2^j{X,t)), with 
Cij{t) G A^(7', and the matrix Fi(X,t)^^F2{X,t) belongs to GLmiKp^u/). By construction, 

Kf,u' n Mu'{{e{q{X,t)))^^^^^^^^^,) = Mu', 
and we obtain that: 

Fi{X,t)-^F2{X,t) GGL™(Xf/')- 

D 

Proof of Theorem \A.1[ By Proposition 11.11 we know that we have a fundamental solution of the 
parameterized linear differential equation dxY{X,t) = A(X,t)Y{X,t) of the form: 

^(X,t)X^We(Q(X,t)), 

with H{X,t) G G'Lm{Ku,[X'^/'']) and v G N*. From Definition ETU m commutes with the 
derivation dx, and therefore rh (H{X,t)X^^'e{Q{X,t))] is another fundamental solution. From 

the construction of rh, we deduce that m (H{X,t)X^^^'] G GLmiKp^u'), and we can apply 
Lemma [A. 31 to deduce the existence of M(t) G GLm{Mi/') such that: 

m (h{X, i)X^W) = H{X, t)X^WM(t). (7) 



Let M{t) = D{t)U(t), with D(t) diagonaUzable and U{t) unipotent such that D{t)U{t) = 
U{t)D{t) is the multiplicative analogue of the Jordan decomposition of M{t). If a{t) is an eigen- 
value of D{t) (and therefore a{t) is an eigenvalue of M{t)), then there exists ^ a{X,t) G Kp^jj/ 
such that m{a{X,t)) = a{t)a(X,t), because of the relation ([7]). By Lemma |A.2[ a{X,t) is equal 
to h{X,t)X^^^\ with h{t) G Mv satisfying e^*''^^*) = a{t) and h{X,t) G Ku'. This implies that 
a{i) and all the eigenvalues of D{t) are of the form e^^*-*, with /3(f) G Mjj'- So we have proved 
the existence of C{t) G Mm{Mu') such that e^^'^'^W = M{t). Let: 

P{X,t) = ii'(X,f)X^Wx~^(*). 

A computation shows that the monodromy of X^^> is: 



rh (X^^A = e2i'^C'(*)x'^(*) = x^We^*''^^. 
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The matrix P(X,t) is fixed by the monodromy and therefore belongs to Ghm^Ki//), because of 
Proposition 12.161 Finally, 

P(X,t)X^We(Q(X,t)) 

is a fundamental solution of the parameterized linear differential equation dxY(X, t) = A{X, t)Y(X, t) 
in the wished form. D 
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